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^^ I Abstract. Wc prove the theorem mentioned in the title, for M", where ?7 > 3. 

^^ ■ The case of the simplex was known previously. Also, the case n = 2 was settled. 



but there the infimum was some well-defined function of the side lengths. We 
also consider the cases of spherical and hyperbolic n-spaces. There we give some 
necessary conditions for the existence of a convex polytope with given facet areas, 
\l . and some partial results about sufficient conditions for the existence of (convex) 

tetrahedra. 
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1. Preliminaries 

qT I Minimum-area convex polygons with given side lengths are characterized by the 

t^^ ' following theorem. 

in ■ 

^ . Theorem A ([11]). Let m > 3, and s^ > Sm-i > • • • > Si > 0, and s^ < 

•^ '. Sm-i + . . . + Si. Then the infimum of the areas of convex m-gons in M^, having side 

lengths Si, is the minimal area of those triangles, whose sides have lengths J^ieh ^i' 
Sie/2 "^*' ^iG/3 "^« (supposing these lengths satisfy the non-strict triangle inequality) , 
where {Ji, I2, I3} is an arbitrary partition 0/ {1, ... , m} into non-empty parts. If the 
cyclic order of the sides is fixed, then an analogous statement holds, where the sides 
with indices in Ij (for each j G {1, 2, 3}^ form an arc of the polygonal curve. 



When the convexity assumption is dropped, we have the following result. 

Theorem B ([11, 36]). Let m > 3, let Sm > Sm~i > • • • > Si > 0, and let Sm < 

Sm-i + . . . + Si. Then the infimum of the areas of simple m-gons in M^, having side 
lengths Si, is the minimal area of those triangles, whose sides have lengths ^jgj SiSi, 
"Ylii&i ^i^i! Yliei ^i^i (supposing these lengths are non-negative, and satisfy the non- 
strict triangle inequality), where the Si's are arbitrary signs, and {Ii, 12,13} is an 
arbitrary partition of {1, ... , m} into non-empty parts. (Moreover, if this minimum 
is not 0, we may additionally suppose that, for each j e {1, 2, 3}, the sum J2i£i ^i^i 



* The project was supported in part by the State Maintenance Program for the Leading Scien- 
tific Schools of the Russian Federation (Grant NSH-921. 2012.1) and by the Federal Target Grant 
"Scientific and educational personnel of innovative Russia" for 2009-2013 (agreement no. 8206, 
application no. 2012-1.1-12-000-1003-014). 

** Research (partially) supported by Hungarian National Foundation for Scientific Research, grant 
nos. K68398, K75016, K81146. 

1 



2 N. V. ABROSIMOV, E. MAKAI, JR., A. D. MEDNYKH, YU. G. NIKONOROV, G. ROTE 

cannot be written as Ylii(^i'.^i^i + YlieV^i^ij where {/j,/j'} is a partition of Ij, and 
where both these partial summands are positive.) 

We remark that the proofs in the two papers were different. Also, in [36] the 
result is formulated in a special case only, but all the ingredients of the proof of the 
general case are present in [36] as well. 

In our paper we write M", W\ or §", for the Euclidean, hyperbolic, or spherical 
n-space, respectively. Theorems A and B extend to §^ and H^ as follows: 

Theorem C ([11]). Let m > 3, let Sm > Sm-i > • • • > si > 0, and let Sm < 

Sm-i + . . . + si. Rather than M^, we consider M^ and S^, but, in case of §^, we 

m 

additionally suppose ^ Sj < it. Then, for both cases, the word-for-word analogues 

i=l 

of Theorems 1 and 2 hold for H^ and S^ . 

In each of these three theorems, the question of finding the infimum is reduced 
to finding the minimum of a set of non-negative numbers, the cardinality of this set 
being bounded by a function of m. (For Theorem A, or B, this bound is 3*", or 6*", 
respectively. For Theorem A, for given cyclic order of the sides, this bound is ('^). 
For Theorem C, the respective bounds are valid.) 

Boroczky et al. [11] posed the question whether it is possible to extend these 
theorems to dimensions n > 3. Their conjecture was that, analogously to the two- 
dimensional case, the solutions would be given as the volumes of some simplices. 
Unfortunately, they were unaware of the fact that the case of simplices already had 
long ago been solved, namely in 1938, cf. references later in this paper. 

The analogous problem, about the maximal volume of simplices with given facet 
areas (an isoperimetric type problem), was solved even much longer ago: in 1773 
by Lagrange [31] for M^, and in 1866 by Borchardt [9] for M". A simplex is called 
orthocentric, if it has an orthocentre, i.e., a common point of all altitudes. It can 
be characterized also as a simplex with any two disjoint edges (or, equivalently, 
disjoint positive dimensional faces) being orthogonal. For this reason an orthocentric 
simplex is sometimes also called orthogonal, although orthocentric is the presently 
used terminology. For a relatively recent exposition of the above mentioned facts, 
and some other properties of orthocentric simplices, cf. e.g. [21]. Cf. also the very 
recent paper [17], whose first part is a comprehensive survey about orthocentric 
simplices. In [17] it is also stressed that, for many elementary geometrical theorems, 
the objects in R"', corresponding to triangles, are not the general simplices, but just 
the orthocentric ones. 

Theorem D ([31, 9]). Let n >3. Then among the simplices in M", with given facet 
areas Sn+i > • • • > 5*1 > f^z/ such simplices exist), there is (up to congruence) 
exactly one simplex of maximal volume. It is also the (up to congruence) unique 
orthogonal simplex with these facet areas. 

Unaware of the above mentioned solution of the maximum problem, in 1937, A. 
Narasinga Rao posed the following problem [42]: 

"The areas of the four facets of a tetrahedron are a,/3,7,5. Is the 
volume determinate? If not, between what limits does it lie?" 

This problem was soon solved independently in the papers [53, 26, 6, 27]. In 
fact, under the above hypothesis, the volume is not determined (if such tetrahedra 
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exist, which we suppose). Moreover, they reproved that there is, up to congruence, 
exactly one tetrahedron of maximal volume with the given face areas, which is also 
orthogonal — and they reproved that it is also the unique orthocentric simplex with 
these facet areas — and there is a tetrahedron with volume as small as we want. A 
generalization of their first mentioned result to multi-dimensional Euclidean spaces 
was obtained in [53, 26, 27]. We cite only their result about the infimum of the 
volumes. 

Theorem E ([53, 26, 6, 27]). Let n>3, and let Sn+i > 5„ > . . . > 5i > 0. Then 
there is a simplex in M" with these {n — l)-volumes of the facets, if and only if 

Sn+l < 5*1 + 5*2 + . . . + Sn- 

Suppose that this inequality holds. Then, among the simplices in W^, with facet areas 
5*1, 5*2, ... , 5'„,+i, we can find, for any e > 0, a nondegenerate simplex with volume 
at most e. 

The proof of Theorem E in [27] was based on the following statement, valid just for 
simplices only. Let T be a simplex with facet areas Si, S2, ■ ■ ■ , Sn+i, and respective 
facet outer unit normals ui,...,u„+i; then Yl^=i ^i'^i — 0- Let us consider an 
(n + l)-gon P C M" with side vectors SiUi, . . . , S'„_|_in„+i. Its convex hull T' is then 
also a simplex, whose volume is invariant under permutations of the side vectors of 
P. Moreover, for the volumes of T and V we have ^(T)"-^ = \/(T')[(n-l)!]Vn"-2. 
[27, p. 306]. Knowing this, [27] could make V{T') arbitrarily small, based on some 
calculations. However, this can also be done by choosing ui, . . . ,Un+i in a small 
neighbourhood of the xi . . . x„_i-coordinate hyperplane. Cf. also the first and third 
proofs of our Theorem 2. 

The question of maximal volume for polytopes, with given facet areas, is much 
less understood. 

As for positive results, by [10, Theorem 2], among non-degenerate polytopes in M"-, 
with given facet areas and facet outer unit normals, the maximal volume is attained 
for the (up to translation) unique convex polytope with these given facet areas and 
facet outer unit normals. (For possibly coinciding facet outer unit normals one has 
to add their areas. Also, [10, Theorem 3] asserts an analogue of this theorem, for 
compact sets C C M" that are equal to the closures of their interiors, with dC being 
a C^-submanifold.) 

For any given number m of facets the maximum volume, for given total surface 
area, is attained when the polytope has an inball, moreover the facets touch the 
inball at their centroids (Lindelof's theorem, [48, p. 43], cf. also [19, II. 4. 3, p. 264]). 

Now let us restrict our attention to M^. [18, Theorem 1, p. 175] (cf. also [19, II. 4. 3, 
p. 265, Satz]) asserts that among (convex) polyhedra with given surface area, and 
m = 4, 6 or 12 faces, the maximal volume is attained for the regular tetrahedron, 
cube, or regular dodecahedron, respectively. His inequality (valid for each m), is 
also asymptotically sharp, for m — )■ 00. For m = 5, the extremal polyhedron is the 
regular triangular prism, having an inball, cf. [48, p. 41]. However, for m = 8, 20, 
the extremal polyhedron is not the regular octahedron, or icosahedron, respectively, 
[22, p. 234]. For an old, or a recent survey about this isoperimetric problem, for 
convex polyhedra in M^, with given number of faces, cf. [22], or the introduction of 
[49], respectively. 
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Also, [3, Ch. 3, §3, 2, p. 150, Satz 1] says that for convex polyhedra P,Q C M^, 
any mapping of dP to dQ, preserving the geodesic distance of any pair of points 
of dP (i.e., the length of the shortest arc in dP, joining these points) extends to 
an isometry of M^. (For convex bodies P,Q C M.^, where dP is of class C^, the 
analogous theorem holds, cf. [2, Ch. 8, §5, p. 337] for a special case, and [39, 
Introduction, §1, A, p. 8, Theorem 1, and Ch. 3, 3, p. 66, Theorem 1], for the 
above described general case.) 

However, this unicity theorem does not say that this unique convex polyhedron 
would have the maximal volume. Just conversely: taking another model, let us 
imagine that the facets of a polyhedron are rigid, the edges of the polyhedron behave 
like hinges, so that the dihedral angles can be varied freely. Simple physical models 
show that if, e.g., we take a cube, and subdivide its facets suitably to smaller 
convex polygonal faces, preserving the symmetries of the cube, then, by blowing up 
the model, the volume increases. The symmetries of the cube are preserved, the 
facial diagonals become tight, and are a bit curved outwards, which implies that the 
vertices come closer to the centre of the cube. Therefore the edges shorten, which 
implies that they become crumpled, with wrinkles perpendicular to the original 
edge. Globally, the polyhedron becomes more "ball-like". This volume increasing 
phenomenon was observed first by A. V. Pogorelov in the theory of thin shells in 
mechanics, for shells of form a convex body, cf. [40], [41]. These facts can be proved 
also mathematically, namely that there exist non-convex polyhedra, with the same 
symmetry group, having the prescribed system of faces, with hinges at the edges, 
and having a larger volume than the cube. The relative volume increase for the 
cube can be 1.2403... . Cf. the papers [33], [13], [8], [4], [37] (who showed that 
each convex polyhedron in M^ can be deformed, preserving the geodesic distances, 
and increasing the volume), [34], [50] (where "inextensional" is the engineer's word 
for "isometric, w.r.t. the geodesic distance"), [51], which papers deal also with 
other regular, and non-regular convex polyhedra. (In [34], according to a private 
communication from the second named author of [34], in the tableau summarizing 
the numerical results, pp. 154, 181, the values in the middle coloumn, for the 
dodecahedron and the icosahedron, are not correct — actually they are less than 
the values in the third column, which are proved in [34], and which are the best 
published values.) The relative volume increase for the cube can be 1.2403 . . . , cf. 
[34]. This value is improved in [51] to 1.2461 .... For a recent survey on this and 
related questions cf. [43]. 



Notations. Here, and everywhere in the paper, V{-) denotes volume of a set, S{-) 
its surface area, diam(-) its diameter, aff(-) its afiine hull, lin(-) its linear hull, and 
(9(-) its boundary. If we want to stress also the dimension n, we sometimes will write 
Vn{-) for the n-volume. Sometimes we will refer to the {n — l)-volume in M", H", or 
S" as area. We write /t„ for the volume of the unit ball in M". For x,y & M", H", or 
S", we write [x,y], or, for x,y distinct, i{x,y), for the the segment, or line, joining 
X and y (except for antipodes on S", and on S" we mean by [x,y] the shorter such 
segment), and \xy\ denotes the distance of x and y. 



the infimum of the volumes of convex polytopes ... 5 

2. New results 

2.1. Euclidean Space. The following Theorem 1 can be considered as folklore, 
whose proof we could not locate. Therefore, for completeness, we state and prove 
it. 

Theorem 1. Suppose that m > n > 3 are integers, and consider any sequence of 
numbers Sm > Sm~i > . . . > ^i > 0. Then the following conditions are equivalent: 

(i) There is a non- degenerate polytope P C M" with m facets, and with facet 

areas Si, S2, . . . , S^; 
(ii) There is a non- degenerate convex polytope P C M" with m facets, and with 

facet areas 5*1, 5*2, ... , Smi 
(iii) The inequality Sm < Si + S2 + ■ ■ ■ + Sm~i holds. 

If, in (i) or (ii), we allow also degenerate polytopes, then they imply, rather than (iii), 

(iii') Sm < Si + . . . + Sm-i, with equality if and only if the polytope degenerates 
into the doubly counted facet with area Sm- 

Theorem 2. Let m > n > 3 be integers. For any e > and for every sequence 
of numbers Sm > •S'^.i > . . . > 6*1 > such that Sm < Si + S2 + ■ ■ ■ + Sm-i, 
there is a non-degenerate convex polytope P C M" with m facets, with facet areas 
Si, 5*2, ... , Sm, and with volume V{P) < e. 

We give three different proofs of Theorem 2. The first one is independent of 
Theorem D, and reproves the case of the simplex; it is an existence proof, by con- 
tradiction. The second proof uses Theorem D; we reduce the question to the case 
of simplices. Both proofs rely on delicate convergence arguments (see Sections 3 
and 4). The third proof is geometric. It constructs examples with small volumes 
that are like "needles" . In particular, we will give an explicit upper bound for the 
volumes of our examples, in terms of the "steepness" of its facets (Lemmas 2 and 4). 
If we consider n and the facet areas as fixed, our estimate is sharp up to a constant 
factor (see Lemma 4). 

Thus, there is a very interesting dichotomy. In Theorems A and B, for M? (and 
also in Theorem C for H^ and S^), we have some definite functions of the side lengths 
as infima. In Theorem 2, for M"^, with n > 3, the infimum does not depend at all on 
the facet areas. 

2.2. Hyperbolic Space. For the hyperbolic case, we have a word for word analogue 
of the implications (ii)^^(iii) and (ii)^^(iii') from Theorem 1 (under the respective 
hypotheses). 

Proposition 1. Let P C EI"' be a polytope, with facet areas Sm > Sm~i > • • • > 

m—l 

5*1 > 0. Then the inequality Sm < XI 'S'i holds, with equality if and only if P 

i=l 

degenerates into the doubly counted facet with area Sm- 

Next we give two statements, showing that the necessary condition in Proposi- 
tion 1, together with the inequalities Si < vr, is not sufficient for the existence even 
of a tetrahedron in H^, with these facet areas. In other words, there are some further 
necessary conditions. 
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Proposition 2. If we admit polyhedra in M.^ , with all vertices distinct, but possibly 
having some infinite vertices, then a polyhedron with facet areas Sm, Sm-i, ■■-,82, 
maximal (i.e., (A; — 2)7r for a k-gonal face), while S2, Si not maximal, does not exist. 

Example 1. This would suggest that, for polyhedra in H^, if all facets but two have 
areas nearly maximal (i.e., nearly {k — 2)7r for a k-gonal face), then the same would 
hold for the remaining two facets as well. However, this is not true; even in the 
convex case, these two facets can have areas close to 0. Consider a very large circle 
in H^ C H^, and a regular l-gon pi . . .pi inscribed to it (/ > 3). Let us choose p/+i 
on our circle, with |p/P/+i| = e. Then all triangles with vertices among the pj's have 
areas close to vr, except those that contain both pi and pi+i, which have very small 
areas. Now perturb these points pi a little bit in H^, so that no four of them lie 
in a plane. Then their convex hull is a triangle-faced convex polyhedron, and the 
perturbation of the segment [pz,pi+i] is an edge of it. (Use the coUinear model. For 
any convex polygon with strictly convex angles, after this perturbation, its edges 
will remain edges of the convex hull.) The two facets of our polyhedron incident to 
this edge have very small areas, while all other facets have areas close to vr, i.e., are 
nearly maximal. 

However, an analogous statement for all but one facets will be shown, for the 
convex case. 

Proposition 3. Suppose that we have a convex polyhedron in H^, with infinite 
vertices admitted, having facet areas Sm. > • • • > 52 > 6*1 > 0, these facets being a 
km-gon, . . . , ki-gon, respectively. Then, for any z G {1, . . . , m}, we have 



{k -2)7r-S,< Y, ((^. - 2)^ - S, 



If there is a finite vertex, with incident edges not in a plane, then this inequality is 
strict. 

In §6, Remark 9, it will be explained that in a sense there are no interesting 
analogues of Proposition 3 for M? and S'^. 

Now we turn to sufficient conditions for the existence of hyperbolic tetrahedra. 

Theorem 3. Let the numbers S4 > S3 > S2 > Si > be such that ^4 < 7r/2, and 

S4 < Si + S2 + S3, and one of the inequalities 

/^ /^N 1 ~ cos 5*4 ,^ , 

tan(5i/2) > ^ , (1) 

2VCOSO4 

and 

54 > ^3 + ^2 (2) 

holds. Then there is a non- degenerate tetrahedron T C H^ with facet areas Si, S2, 

5*3 , 5*4 . 

Remark 1. Since S4 > Si, the following inequality holds under assumption (1) of 
Theorem 3: 



1 — cos 5*4 /^ /„x /^ ,„x 1 — COS 5*4 

— -i = tan(54/2) > tan(Si/2) > ' 

1 + cos 64 2vcos 64 
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From this we get S4 < b := aiccos{y/E — 2) = 1.3324788... . Note also that, 
for arccos(A/5 — 2) > 6*4 > a := 0.6228644. . . , from the inequahty tan(S'i/2) > 
(1 — cosS'4)/(2-\/cosS4) we get 5*1/2 > 6*4/6 — that amounts to the inequahty 

1 -cos 54 5*4 , . 

-^=^^ > tan — , (6) 

2vcos 5*4 6 

for a < 5*4 < 6 — that imphes S4 < Si + S2 + S^. (To show (3), we square it, and 
writing x := S4, we obtain 

^, , (1 — cosx)^ 9 X 

fix) := ^- '- > tan' - =: g{x), 

4 cos X 6 

for a < X < b. We note that a was chosen so as to satisfy /(a) = g{a). Then, for 

a < X < 1, we have 

f'{x) = (sin X ■ tan' x)/4 > (sin a ■ tan' a)/4 = 0.0752352 . . . , 

and 

,, , tan(x/6) tan(l/6) 

^ ^ = Q 2( L ^ o n /L = 0-0576627 .... 
3cos"'(a;/6) 3cos^(l/6) 

Similarly, for 1 < x < 6, we have 

fix) > (sin 1 ■ tan' l)/4 = 0.5102509 . . . , 
and 

9'W<^^54?§V = 00791058.... 

3cos^(o/6) 

Hence, for a < x < 6, we have /'(x) — g'{x) > 0, therefore also /(x) — g{x) > 0, as 
asserted.) 

2.3. Spherical Space. For the spherical case, we give some necessary and some 
sufficient conditions for the existence. 

We say that a set X C S" (for n > 2) is convex, if for any two non-antipodal x,y E 
X, the connecting shorter great-§^-arc also belongs to X. Since our investigated 
sets will contain non-trivial arcs, the case of an antipodal pair of points in X can 
be excluded: this property will be equivalent to saying that for any x,y G X, at 
least one connecting not-longer great-S^-arc also belongs to X. By a simplex in §" 
we mean the set of those points of S", which have non- negative coordinates in some 
(non-orthogonal) coordinate system, with origin at 0, with its usual face lattice 
system, and limiting positions of these. Thus, e.g., we will not consider concave 
spherical triangles, or spherical triangles with sides 37r/2, 7r/4, 7r/4, or 2tt, 0, 0. For 
M"-, and by the coUinear model, for H", all simplices are convex. Observe that an 
open half-S" also has a coUinear model in M", also respecting convexity: for the 
open southern half-S" in ]R"+^ consider the central projection to the tangent M" at 
the South Pole. So a convex combinatorial simplex in an open half-S" is among the 
simplices that we considered above. 

Proposition 4. Let P G S"^ be a polytope, with facet areas Sm ^ ■ ■ ■ > Si > 0, all 
of whose facets lie in some closed half- E>"'^^ 's. Then 

Sm < Ol + • • • + Om-l, 

where strict inequality holds if P is contained in an open half-S"^, and does not 
degenerate into the doubly counted facet with area Sm- 
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If P is a convex polytope contained in some closed half- §", then 

m 

5^5, <K-i(S"~'), 



i=l 



where strict inequality holds if P is contained in an open half-Ei^. 

Remark 2. Clearly, in the first inequality of Proposition 4, the hypothesis that each 
facet lies in some closed half-S" cannot be dispensed. Even we may have a degenerate 
combinatorial simplex, lying in some great-S"""^, with one facet strictly containing 
a half-§"~^, already for n = 2. Also, in the second inequality of Proposition 4, if P 
is contained in a closed half-§", but is not contained in an open half-S", the case of 
equality can occur, if P degenerates, one facet is a closed half-§"~^, and the other 
facets have union this closed half-S'^"^, or the closure of its complement in this S"~^. 

Remark 3. In H^ and S^ the question, for which Si is there a tetrahedron (for S^ 
meant as above described) with facet areas Si, is algorithmically decidable. In other 
words, one can describe the set of those quadruples (S'l, 5*2, S'3, 5'4), which are the 
facet areas of some tetrahedron in H^ or §^, by using a finite set of equations and 
inequalities for some rational functions of the tan(5'i/2)'s with rational coefficients, 
together with the usual logical connectives "and", "or", "not". (Such a set is a 
semi-algebraic set in the variables tan(S'i/2).) 

In fact, we may use polar coordinates, and use trigonometric functions of the an- 
gles, and hyperbolic/trigonometric functions of the sides (in H^ or S'^, respectively). 
Then we write, that there exist four vertices, given with their respective coordi- 
nates, such that the facet areas of the corresponding tetrahedron should be Si, for 
1 < i < 4. The resulting formula is a so-called elementary formula in the language 
of M, cf. [52]. By [52], this formula is equivalent to a one described above under the 
name semi-algebraic set, in the variables tan(S'j/2). 

However, because of the complexity of the decision algorithm, possibly the formula 
obtainable this way would be very long. 

Remark 4. The same cannot be said about H" and §", for n > 4. Here, the (n — 1)- 
volumes of the facets are transcendental functions. For S" we have compactness if 
we also admit simplices in a closed half-S", but not in an open half-S". The case 
5*1 = can be described: then there is a partition of the other facets into two classes, 
such that for the two classes the sums of the facet areas are equal. For H", one may 
expect something similar; however, there, even taking into consideration simplices 
with possibly infinite vertices, we cannot use compactness considerations, since the 
volume is not continuous when at least two vertices are allowed to be infinite. 

Theorem 4. Let the numbers S4 > S^ > S2 > Si > be such that S4 < 7r/2, and 

S4 < Si + S2 + S3, and one of the inequalities 

/ ^ , N 1 — cos 5*4 
tan(5i/2) > —^==^, (4) 



2-\/cos 5*4 



and 



Sa>Ss + S2 (5) 

holds. Then there is a non-degenerate (convex) tetrahedron T C §^, with facet areas 

Si, 5*2, 5*3, 5*4. 
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Remark 5. Analogously to Remark 1, with the notations used there, we get 5*4 < b, 
and, for a < 6*4 < 6, we get 5*4 < 5*1 + S'2 + S'3. 

Now we turn to sufficient conditions for the existence of spherical polyhedral com- 
plexes. The second statement of Proposition 5 says that for combinatorial simplices, 
contained in some closed half-S", the two necessary conditions from Proposition 4 
for their existence are also sufficient for their existence. 

Proposition 5. Let n > 2 and m > 3 be integers, and let Sm ^ ■ ■ ■ ^ Si > 0, with 
Sm ^ Si + . . . + S„i-i, and 5*1 + . . . + S^ < \4-i(S"~^). Then there exists a convex 
n-dimensional polyhedral complex in S", lying in a closed halfS^, with facet areas 
Si, . . . , Sm- All of its facets have two {n — 2)-faces. For Sm < Si + . . . + Sm~i and 
5*1 + ... + Sm < Vn-i{E>^^'^) , we have that all its dihedral angles are less than vr. 

Let n > 2 be an integer, and let Sn+i > ■ ■ ■ > Si > 0, with Sn+i < 5*1 + . . . + S'„, 
and ^i + . . . + 5^+1 < \4„i(S"~^). Then there exists a convex polyhedral complex 
in §"■, lying in a closed halfS"^, that is a combinatorial n-simplex, with facet areas 
Si, ... , Sn+i- Its faces of any dimension (including the complex itself) have their 
dihedral angles at most it (thus are convex), but sometimes equal to vr. 

3. Tools for the Euclidean case: Minkowski's theorems 

Now we recall some classical concepts and theorems, in essence due to Minkowski 
(but in their final form due to A. D. Aleksandrov [1] and W. Fenchel-B. Jessen 
[20]), cf. also [47], cited below at the respective places. First we do this for arbitrary 
convex bodies, but then we will give their restrictions to convex polytopes. However, 
we actually will need general convex bodies when considering convergent sequences 
of convex polytopes, in our ffist two proofs of Theorem 2 (Sections 4.3 and 4.4). 
The third proof only uses Minkowski's Theorem for convex polytopes (Theorem F'). 
The reader may want to skip directly to Theorem F'. 

A convex body in M" is a compact convex set K G M."" with interior points. For 
X G d{K) we say that u G S"""*^ is an outer normal unit vector for K at x, if 
max{(A;,n) | k G K} = {x,u). In this section we suppose n > 2, although later the 
theorems of this section will be applied only for n > 3. 

Definition 1 (Minkowski, Aleksandrov [1], Fenchel- Jessen [20], cf. also [47, p. 207, 
(4.2.24) (with t{K,u) defined on p. 77)]). Let K C W he & convex body. The 
surface area measure fix of K is a finite Borel measure on §"~^, defined in the 
following way. For a Borel set B C §"~\ one defines fiK^B) as the (n — l)-Hausdorff 
measure of the set {x G d{K) \ there exists an outer normal unit vector u to K at 
X, such that u G B}. 

Thus fiK is an element of C(S'^~^)*, the dual space of the space of real valued con- 
tinuous functions C(S'^~^) on E>'^~^, i.e., the finite signed Borel measures on E>'^~^. We 
will use the weak* topology of C(§'^~^)*, as the topology for the finite (signed) Borel 
measures ^k- That is, convergence of a sequence (or, more generally, a net) of finite 
signed Borel measures /Iq, G C(§'^~^)* means convergence of each /g„_i f{u)dfia{u), 
where / G C{S^~^). Moreover, since S"~^ is a compact metric space, the space 
C(§"'~^) is separable, and, hence, the weak* topology of C(§'^~^)* is metrizable. 
Therefore, it suffices to give the convergent sequences in it (i.e., nets are, in fact, 
not necessary to be dealt with). 

For these elementary concepts and facts from functional analysis, we refer to [16]. 
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Theorem F (Minkowski, Aleksandrov [1], Fenchel-Jessen [20], cf. also [47, p. 389, 
(7.1.1), pp. 389-390, p. 392, Theorem 7.1.2., p. 397, Theorem 7.2.1]). Let n > 2 be 
an integer, and K C M" 6e a convex body. The measure fix, defined in Definition 1, 
is invariant under translations of K and satisfies the following properties. 

(i) J^„_iudfiK{u) =0, and 
(ii) fix is not concentrated on any greatS"^'"^ ofE>"'~^. 

Conversely, for any finite Borel measure fi on §"~^ satisfying (i) and (ii), there exists 
a convex body K such that fi^ = f^- Moreover, this convex body K is unique up to 
translations. 

Thus, we can consider the map K i— >■ /ix, also as a map {translates of K} i— >■ ^k-, 
which we will do later. 

Theorem G (Minkowski, Aleksandrov [1], Fenchel-Jessen [20], cf. also [47, p. 198, 
Theorem 4.1.1, p. 205, pp. 392-393, proof of Theorem 7.1.2]). Let n > 2 be an 
integer. Then the mapping {translates of K} H- ^k, defined in Definition 1 and 
just before this theorem, is a homeomorphism between its domain and its range. Its 
domain is the quotient topology of the topology on the convex bodies induced by the 
Hausdorff metric, with respect to the equivalence relation of being translates. Its 
range is the set of finite Borel measures on E>"'~^ satisfying (i) and (ii) of Theorem 
F, with the subspace topology of the weak* topology on C{E>"'~^)*. 

We have to remark that [47, pp. 392-393, proof of Theorem 7.1.2], as well as [1, 
proof of the theorem on p. 36, on p. 38], contains explicitly only the proof of the 
continuity of the bijection {translates of K} i-> fiK, but in fact also the continuity 
of the inverse map is proved at both places — although not explicitly announced. 
In fact, as kindly pointed out to the authors by R. Schneider, one has to make the 
following addition to his book [47, proof of Theorem 7. 1.2] . If the sequence of surface 
area measures fix, of some convex bodies Ki C M" is convergent to the surface area 
measure fiK of some convex body K C M", in the weak* topology, then all Ki^s 
have a bounded diameter — which is announced there for polytopes only, but its 
proof, given there, is valid for any convex bodies. By a translation, one can achieve 
that all -R'j's, and also K, are contained in a fixed ball — say, let their barycentres 
be at 0. By compactness of the set of non-empty compact closed sets contained in 
some closed ball, in the usual topology (i.e., that of the Hausdorff metric), we can 
choose a convergent subsequence K^. of K^, with limit K', say, having as surface 
area measure fix' the weak* limit of the fiRi.^^, i-e., the originally considered fix- 
By continuity of the barycentre, also the barycentre of K' is 0, as well as that of 
K; hence K' = K. Then the entire sequence K^ converges to K., since else we could 
choose another subsequence i^j^., converging to another convex body K" ., also with 
barycentre at 0, and with /ix" = ^^k- This is a contradiction. 

Also by Minkowski, a convex body K is a convex polytope if and only if ^k (that 
satisfies (i) and (ii) of Theorem F) has a finite support [47, p. 390, Theorem 7.1.1, 
also considering p. 397, Theorem 7.2.1]. If the support is {mi, . . . , Mm}, then we may 
write 



liK = y^^fJ'Ki{ui})S{ui 



i=l 
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where 6{ui) is the Dirac measure concentrated at Ui (i.e., for B C 'EP~^ a Borel set, 
we have 5{ui){B) = -^^^ Ui ^ B, and 5{ui){B) = 1 <^==^ Uj G B). Writing such 
an equation, we always suppose that fiK{{ui}) 7^ for all i G {1, . . . ,m}. (Thus 
the empty sum means the (finite signed Borel) measure; although for a convex 
body K, we have fix 7^ 0.) The weak* topology, restricted to finite signed Borel 
measures of finite support (although we will use only the case when we have a finite 
Borel measure, and (i) and (ii) of Theorem F hold), where the support has at most 
m elements, is the following. For Ua,u G S"'"-'^, with Ua -^ u, and Ca,c ^ 'R\ {0}, 
with Ca ^ c (where the m^'s and c^'s are nets indexed by a's from the same index 
set), we have CaS{ua) -^ c6{u), and for Ua G S"~^ arbitrary, and Cq — ;■ 0, we have 
CaS{ua) — )■ (thus the convergence is defined for finite signed Borel measures of 
support having at most one point). Then of course the same convergence holds for 
finite sums of such sequences (and in fact, only for these, see the formal definition 
in the next paragraph). 

More exactly, a sequence (or, more generally, a net) /Xq, = "^^i fJ^a{{ui})S{ui) of 
finite signed Borel measures on S'^~^, with ttIq, < m, can converge only to a finite 
signed Borel measure of support of at most m points. Moreover, it tends to a finite 
signed Borel measure // = ^™ ^ fi{{ui})6{ui) on S""^, with 1 < m' < m, if and only 
if the following holds. For each a there is a partition of {1, ... , rria} of cardinality 
m', say {Pai, • • • , Pam'} (where each Paj is non-empty), such that 

(A) for any j G {!,..., m'}, we have that the sets Paj converge to Uj (i.e., for any 
neighbourhood Uj of Uj, and for all sufficiently large a, we have Paj C Uj), 
and 

(B) for any j G {!,... ,m'}, we have that J2{f^a{{ui}) \ i G Paj} converges to 

fi{{Uj}). 

The same sequence (or, more generally, a net) tends to the (finite signed Borel) 
measure, if and only if 

(C') S{l/^a({'"i})l M £ {1, • • • yf^a}} -^ 0. (This corresponds to the case m' = 0, 
and also here an empty sum means 0.) 

For convex polytopes. Theorem F can be rewritten for fix = Yl'iLi fJ'K{{ui})S{ui) 
as follows. 

Theorem F' (Minkowski, cf. also [47, p. 389, (7.1.1), pp. 389-390, p. 390, Theorem 
7.1.1, p. 397, Theorem 7.2.1]). Let m > n > 2 be integers, let Si, ... , Sm > 0, and 
let Ui, . . . ,Urn G §"^^. Then there exists a non- degenerate convex polytope P with 
m facets, with facet areas Si, ... , Sm, and with respective facet outer unit normals 
Ml, ... , Um, if and only if 

(ii) Ui, . . . ,Um do not lie in a linear (n — l)-subspace o/M". 
Moreover, if P exists, it is unique up to translations. 

For convex polytopes, with at most m facets. Theorem G can be rewritten for 
l^K = Ya=i lJ'K{{ui})S{ui) as follows. 

Theorem G' (Minkowski, cf. also [47, p. 198, Theorem 4.1.1, p. 205, pp. 392-393, 
proof of Theorem 7.1.2], and the addition after our Theorem G). Let m > n > 2 

be integers. Then the mapping {translates of K} H- fiK, defined in Definition 1, 
and after Theorem F, is a homeomorphism between its domain and its range. Its 
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domain is the subspace corresponding to the non-degenerate convex polytopes with at 
most m facets, of the quotient topology of the topology on the convex bodies, induced 
by the Hausdorff metric, with respect to the equivalence relation of being translates. 
Its range is the set of finite Borel measures on 'B^^^ , with supports of at most m 
points, satisfying (i) and (ii) of Theorem F' , with the subspace topology of the weak* 
topology on C(S'^"^)*. This subspace topology is described in a more explicit form in 
the last but one paragraph before Theorem F' . 

4. Proofs for the Euclidean case 

Essentially the following proposition was used in [27], without explicitly stating 
and proving it. It can be considered as folklore (as part of the proof of the folklore 
Theorem 1), but we state and prove it, for completeness. 

Proposition 6. Let m > n > 3 be integers. For 6 > and for numbers Sm > 

'S'm-i > . . . > ^i > such that Sm < 5*1 + 5*2 + ... + Sm-i, there are pairwise 

distinct vectors vi,V2, ■ ■ ■ ,Vm € E)^~^ that 

(i) lie in the open S -neighbourhood of the xiX2- coordinate plane, but 

(ii) do not lie in a linear {n — l)-subspace o/M", 

such that SiVi + S2V2 + . . . + SmVm = 0. 

Proof. Consider the standard basis {ci \ i = 1, ... ,n} in M". Let vr be the X1X2- 
coordinate plane. 

Since Sm < Si -\- S2 + . . . + Sm-i, there exists a convex polygon A1A2 . . . Am in 
vr, such that |AjAj+i| = Si, for i = l,...,m (indices considered modulo m); cf. 

[28, p. 44], [30, pp. 53-54]. We write AiAi+i =: \AiAi+i\ui, where Ui G §""^ fl vr 
are distinct vectors. Clearly, for \\vi — Ui\\ < 6, the vector Vi lies in the open S- 
neighbourhood of vr, and also, for 6 sufficiently small, the vectors vi,...,Vm are 
pairwise distinct. 

Let k denote the maximal integer, such that there exist arbitrarily small pertur- 
bations BiBi+i of our original vectors AjAj+i, such that ^i<j<m-^«-^«+i = 0; ^^^1 
the dimension of the affine hull of i?i, . . . , Bm has dimension k. 

Ii k < n, then, since m > n + 1, there is an affine dependence among the -B^'s. Let, 
e.g., Bm lie in the affine hull of Bi, . . . , Bm~i- Then, fixing \Bm-iBm\ and \BmBi\, 
the point Bm can move on an (n — 2)-sphere in a hyperplane perpendicular to the 
above affine hull. Hence, there is an arbitrarily small perturbation of Bm, lying 
outside of this affine hull, while aff{-Bi, . . . , Bm~i} coincides with the affine hull of 
Bi, . . . , Bm-i, and the original Bm- We get a contradiction to the choice of k. 

This proves k = n, and thus Proposition 6. D 



4.L Proof of Theorem 1. The implication (ii) =^ (i) is evident. 

To see (i) =^ (iii) (which is well-known, but whose proof we include for complete- 
ness), using the notations from Theorem F', we have Sm = \\SmUm\\ = \\ Y^^ SiUi\\ < 
X^™7 Si. The only case of equality is the degenerate case as given in (iii') of the 
theorem. 

Lastly, (iii) =^ (ii) follows from Proposition 6, and Minkowski's Theorem F'. 

The degenerate case, with (iii'), follows from the above considerations. D 
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4.2. Proofs for Theorem 2. We need the following relation between the surface 
area, diameter, and volume of a convex body. Here fi;„_i is the volume of the unit 
ball in R""^ 

Proposition 7 (Gritzmann, Wills, and Wrase [23]). Let K C M.^ be a convex 
body. Then the inequality S{K)"'~^ > Hn-y diam {K) ■ {nV{K)y''' holds, and this 
inequality is sharp. D 

We will construct the polytope for Theorem 2 by Minkowski's Theorem F'. We 
only need to choose an appropriate surface area measure. For a convex polytope, 
this finite Borel measure is concentrated in finitely many points. If, for given facet 
areas, we are far from the degenerate case, where this measure would be concentrated 
in a great-S"~^, then by compactness, the volume of the convex polytope would 
be bounded from below. Therefore, to get an arbitrarily small volume, we must 
approach the degenerate case. This will be done in the following proof. Recall 
also the paragraph after Theorem E, citing [27], where also the degenerate case was 
approximated — however, only for simplices. 

4.3. First proof of Theorem 2. We will prove the statement for non-degenerate 
convex polytopes. 

By Proposition 6, for any 5 > 0, we find pairwise distinct vectors Vi,V2, ■ ■ ■ ,Vm € 
S"~^ in the open ^-neighbourhood of the xiX2-coordinate plane, that do not lie in a 
linear (n— l)-subspace of M", such that SiVi + S2V2 + - ■ . + Sm,Vm = 0. By Minkowski's 
Theorem F', there is a non-degenerate convex polytope P = P{S) in M", that has m 
facets with respective areas Si, . . . , Sm, and with the unit outer normals vi, . . . ,Vm 
to the respective facets. 

Let us consider the sequence of polytopes Pk = P{l/k), where A; > 1 is an 
integer. We will show that V{Pk) — ;■ as fc — ;■ oo. Suppose the contrary. Then, 
possibly passing to a subsequence, without loss of generality, we may suppose that 
V{Pk) >a>0. 

By Proposition 7 we get the inequality 

SiPkT-' > K^-i ■ diam(Pfc) ■ {nV{Pk)T-^ > '^n-i ■ diam(Pfc) ■ (na)'^-^, 

where S{Pk) = X^i ^i i^ ^ constant. From this inequality, we get that diam(Pfc) is 
bounded by some constant D for every k. 

Further, by applying some translations, we may suppose without loss of generality, 
that all Pfc's have a common point. Therefore, all polytopes Pk lie in a ball of 
radius D. Using compactness, possibly passing to a subsequence, we may suppose 
even more: the sequence Pk tends (in the Hausdorff metric) to a non-empty compact 
convex set Pq as fc — >■ oo [47, p. 50, Theorem 1.8.6]. Since volume is continuous for 
non-empty compact convex sets [47, p. 55, Theorem 1.8.16], V{Po) > a > 0, and 
hence Pq is a convex body. Moreover, by Minkowski's Theorem G' (actually only 
by the continuity of the bijection in that theorem), Pq is a convex polytope, with 
m facets, and facet areas Si, . . . ,Sm, and facet outer unit normals in the a;iX2- 
coordinate plane. However, this is a contradiction to Theorem F', (ii). D 

Remark 6. In fact, we could have used, rather than Proposition 7, in which the mul- 
tiplicative constant is sharp, a consequence of the Aleksandrov-Fenchel inequality 
[47, p. 327, Theorem 6.3.1]. Namely: the quermassintegrals Wi{K) [47, p. 209], for 
< i < n, form a logarithmically concave sequence, where Wo{K) = V{K), and, for 
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n fixed, Wi{K) is proportional to S{K), and Wn-i{K) is proportional to the mean 
width of K [47, p. 210, p. 291, (5.3.12)]. Then apply this logarithmic convexity for 
volume, constant times surface area, and constant times mean width, noting that 
the quotient of the diameter and the mean width is between two positive numbers 
(only depending on n). 

Example 2. We give an example of a family of tetrahedra (n = 3 and m = 4) with 
constant facet areas and arbitrarily small volume. The tetrahedron looks like a thin 
vertical needle and has vertices (±e, 0, — (l/e)^l — e^/A) and (0, ±£, (l/e) 
y^l — s^ /A). All facets have area 2, and the volume is (45/3)^1 — e'^/4, which goes 
to zero as e — )■ 0. 

4.4. Second proof of Theorem 2. We will prove the statement for non-degenerate 
convex polytopes. 

1. First, we will construct a partition V = {Pi, . . . , P„+i} of the indices i G 
{1, . . . , m} into n + 1 classes. We will achieve that the n + 1 numbers XIjgp ^i (f*^^ 
1 < J < n + 1) also satisfy that 

(*) the largest of these numbers is smaller than the sum of all others. 

We start with the partition with all classes having one element. Suppose that we 
already have constructed a partition Q = {Qi, . . . ,Qk}, such that 

(**) the largest of the numbers Y2ieQ ^i^ where 1 < j < /c, is smaller than 
the sum of all other of these numbers. 
If A; = n+l, we stop, li k > n+1, let us denote the partition sums by Tj := Ylieo ^i^ 
and assume Ti < T2 < . . . < T^. Now we take the two classes Qi and Q2 with the 
two smallest sums and form their union, while the other classes Qj are retained. In 
the new partition, the partition class having maximal sum Tj can be either the same 
partition class as in the preceding step, or the new constructed union. In the first 
case, (**) is evident. In the second case, we have T1 + T2 < Tj^-i + T^ before taking 
the union, since k > n + 2 > 5, and thus T^^w '■= T1+T2 < T3 + . . . + Tfe„i + T^. So, 
(**) is once more satisfied. 

This proves that for the final partition we in fact have (*). 

2. Now we consider the partition V = {Pi, . . . , Pn+i} constructed above. For the 
sums Rj '■= XI 'S'i) we can construct a non-degenerate simplex S, having these facet 

areas, and volume arbitrarily small, by Theorem E. Then, for the respective outer 
unit normals Uj of the facets of this simplex, we have Yl^=i ^j'^j ~ 0- 

3. Let e > be small. For each 1 < j < n + 1, and each i E Pj, we find vectors 
Uji, in some linear 2-subspace Xj, containing Uj, such that —(1 — &)( X] Si)'^j^ SiUji 

are the side vectors of a convex polygon in Xj. Hence all Uji are close to Uj, for e 
sufficiently small. Then SiUji, for all 1 < j < n + 1 and all i G Pj, satisfy that they 
linearly span W^, and their sum is 

4. By Minkowski's Theorem F', there exists a non-degenerate convex polytope 
with facet outer unit normals Uji, and facet areas Si. 
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Since we have changed in the course of the proof the surface area measure only 
a httle bit (in the weak*-topology of C(S"~^)*), the obtained convex polytope is 
arbitrarily close to the original simplex S, after a suitable translation, by Theorem G' 
(actually only by the continuity of the inverse of the bijection in that theorem) . Since 
the simplex had an arbitrarily small volume, by continuity of the volume for convex 
bodies, our convex polytope also has an arbitrarily small volume. D 

4.5. Third proof of Theorem 2. We will prove the statement for non-degenerate 
convex polytopes. 

The first two proofs of Theorem 2 did not give geometric informations about the 
constructed polytopes. (The first proof used an argument by contradiction, and 
the second proof used the examples of the simplices.) Now we give a third proof, 
which is more quantitative and will give also geometric information: the examples 
given in that proof are "needle-like", similarly to Example 2. Cf. also the paragraph 
following the statement of Theorem 2. 

First we give the proof for n = 3 dimensions. 

We begin with an elementary lemma. It shows that convex polyhedra in M^, 
with steep (almost vertical) facets, and with angles of outer normal unit vectors of 
different facets bounded away from and vr, have steep edges. 

Lemma 1. Consider two planes in M.^ , whose unit normals u^ and u~ enclose an 
angle at most e G (0, 7r/2) with the xy-plane, and whose angle with each other lies 
in [/3, 71 — f3], where < (3 < 7r/2. Then their intersection line encloses an angle at 
most 

^ . sin £ 

:= arcsm ttttt 

sin(/3/2) 

with the z-axis, provided that e < (3/2. This inequality is sharp. 

Proof. We choose a new coordinate system where the intersection line becomes the 
vertical axis, and the two normal vectors u~^,u~ G §^ lie in the horizontal plane, 
making an angle /3' G [/3, vr — /3] with each other. The intersection line of the two 
planes is lin{(0,0, 1)}. At the same time, in the new coordinate system, the North 
Pole becomes n = {ni,n2,ns) G §^. 
By hypothesis, 

{n,u~), {n,u~^) E [— sine, sine]. (6) 

We want to conclude that 

|((0,0,l),n)| = |n3|>cos5, (7) 

i.e., that 



n 



l + nl < sin 5. 



The points (rii, 722) G M^ (projections of n to the xy-plane) for n satisfying (6), form 
a rhomb of heights 2 sine and angles /?', n — 13'. A farthest point of this rhomb from 
(0, 0) must be one of the vertices, and its distance from (0, 0) is max{(sine)/ sin(/3'/2), 
(sine)/ cos{f3'/2)} < (sin£:)/sin(/3/2) = sin 5. That is, (8), or equivalent ly, (7) holds, 
both being sharp inequalities. Hence, the inequality of the lemma holds, and is 
sharp. n 
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Lemma 2. Consider a convex polyhedron P (Z M? with facet areas Si, . . . , Sm- 
Suppose that its facet outer normals enclose an angle at most e with the xy-plane, 
and their pairwise enclosed angles lie in [(3,71 — 13], where < /3 < n/2. Then its 
volume is bounded by 

m \ ^ / • \ 1/2 



.,P,..-v-.. E^- -l;^) 



z/(sin£)/sin(/3/2) < 1/v^. 

Proof. We denote by Si{z) the length of the horizontal cross-section of the i-th facet 
at height z, and by s^^^ the maximum length of such a horizontal cross-section. Let 
hi be the "height" of the z-th face: the difference between the maximum and the 
minimum z-coordinates of its points. Let h[ be the "tilted height" of this facet in 
its own plane, i.e., the height when the plane is rotated into vertical position about 
one of its horizontal cross-sections. 

Since (sine)/sin(/9/2) < 1, we have by Lemma 1 that P has no horizontal edges. 
Therefore, once more by Lemma 1, we get 

sr"</ii-tan5, 

because, from the minimum ^-coordinate, where Si{z) = 0, we have that Si{z) can 
only increase with speed at most 2 tan 5 (< oo) to reach its maximum s™*^^ (this 
is clear for a vertical face, and, for a nonvertical face, the speed is even smaller: 
observe that the i'th facet lies in an upwards circular cone, with vertex the lowest 
point of the z'th facet, and directrices encosing an angle 6 with the 2;-axis), and 
from there it must decrease again, with speed at most 2 tan 5, till at the maximum 
z-coordinate. 
Therefore, 

Si > sr"^i/2 > sf^"/ii/2 (9) 

>(.r^)V(2tan5), 

which gives 

s^'' < ^/2SitsinS. (10) 

These relations allow us to bound the volume V{P) as follows, after using the 
isoperimetric inequality on each horizontal slice: 

V{P) = / (area of cross-section of P at height z) dz 



oo 

2 



< 



oo 



oo 



^.,(z) dz/{4n) 



i=l 
m m /.oo 



Y.Y. Si{z)sj{z)dz/{A7r) 



m m 



< E E ^r^^rmin{/^„ h,}/{4n) (11) 



THE INFIMUM OF THE VOLUMES OF CONVEX POLYTOPES ... 17 




< 



J2i^S,ta^Sy^'V^i) /(4vr) (12) 

i=l 

(sin2£)/sin2(/3/2) 

Em c3/4\ / ;= 

i=\^i I /V2sn 



;sme 



y^n V sin(/3/2) ' 



The first inequality uses the isoperimetric inequality, and the second inequality (11) 
simply bounds the integral by an upper bound of the non-negative integrand times 
the length of the interval where the integrand is positive. For (12), we have used (9) 
and (10); to obtain (13), we used Lemma 1, and the last inequality simplifies the 
denominator by the assumption (sin e) / sm((3 / 2) < l/v2 of the lemma. D 

4.6. Third proof of Theorem 2 for n = 3 dimensions. Like in the first proof, we 
use Minkowski's Theorem F'. We want to apply Lemma 2, making e small. Thus, we 
must let the normal vectors with given lengths Si converge to the xy-plane, keeping 
their sum to be 0, with the linear span of the facet outer unit normals being M^, 
and then apply Minkowski's Theorem F'. In the limiting configuration, the normals 
will lie in the xy-plane. They must form angles in [/3, vr — /3], for /3 G (0, vr/2], with 
each other, for Lemma 2 to work. Thus we must avoid parallel sides. 

Consider a convex ?72-gon M with sides Si, having the minimum number of par- 
allel pairs of sides. Let us suppose that M has a side such that the angles at its 
vertices have a sum different from vr. Then, by a small motion of this side and the 
neighbouring two sides, one can achieve that this side changes its direction, while 
new parallel pairs of sides are not created. Therefore, M can have a parallel pair of 
sides only if for both of these sides the sums of the angles at their vertices are vr. 
That is, we have four vertices, determining two parallel sides, whose outer angles 
(i.e., TT minus the inner angles) have sum 27r. Since the sum of all outer angles is 
27r, there are no more vertices, and M must be a parallelogram. If its sides are not 
equal, we rearrange the side vectors so as to obtain a (convex) deltoid, which is not 
a parallelogram. So there remains the case when m = 4 and Si = S2 = S^ = S4. 
This case, however, has been treated by Example 2, a tetrahedron with four equal 
faces. Suitable inflations provide examples for all values of Si. 

Now we have a strictly convex polygon in the xy-plane, without parallel sides. 
Suppose the angle between any two edges is in the range [/3i,7r — /3i], for some 
Pi > 0. We still need to perturb the sides such that the edge vectors span M^. 
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Consider the first three consecutive vertices A1A2A3 of M and rotate the two sides 
A1A2 and A2A3 about the hne through Ai and ^3 through a small angle a > 0, 
keeping their lengths fixed. The ■m — 2>2 remaining sides span the xy-p\ane, since 
they are not parallel; the vector A1A2 points out of the xy-plane, and therefore the 
edge vectors span M^. 

By making the angle of rotation a small enough, we can ensure that the angle 
between all edge vectors of the perturbed polygon M(a) is still in the range [(32, tt — 
P2], for some fixed P2 > 0, and the angle e with the xy-plane can be made as small 
as we want. We use the edge vectors 5^ of M{a) as outer normals and construct 

the polytope P by Minkowski's Theorem F' (with Si = \\Si\\, and Ui = Si/ Si). By 
Lemma 2, the volume can be made as small as we want. D 

In the polytope P that we have constructed, all facets except two are vertical. By 
going through the proof of Lemma 2, one can see that it would therefore have been 
sufficient to enforce the constraint [/3, vr — /3] on the angles for those pairs of facet 
normals that involve one of the two nonvertical facets. 

Example 3. For odd dimension n = 2k + 1, there is a higher- dimensional general- 
ization of Example 2. Consider a (large) regular fc-simplex of edge length a := 1/e 
in the Xk-\-2 ■ ■ ■ x^-coordinate plane. It has k + 1 vertices vi, . . . , Wfc+i- At each ver- 
tex Vi, we draw a short segment of length b := e, centred at Vi, in the direction 
of the Xj-axis. The convex hull of the union of these segments is a (i-simplex with 
congruent facets. The facet areas are ~ const ■ a^b^ = const, while the volume is 
const ■ a^b^^^ = const ■ e, becoming arbitrarily small as e — ?■ 0. 

4.7. Third proof of Theorem 2, for n > 3 dimensions. Like for n = 3, we 
have a planar convex ?7i-gon M in the XiX2-coordinate plane, with side vectors Si 
(this notation will be preserved also after perturbations), and with side lengths Si, 
where 1 < i < m (and m > n + 1). 

Let us consider the Xi . . . x„_i-coordinate hyperplane X, which contains M. By 
small generic perturbations of the closed polygon M in X, preserving the side 
lengths Si, we want to achieve that 

, ^ the perturbed polygon M G X has no n — 1 side vectors lying 

^ ^ in an at most (n — 2)-dimensional linear subspace of X. 

Initially, M lies in a 2-dimensional plane. We will fulfill (*) by following the proof 
of Proposition 6. (Our desired conclusion is slightly stronger than in Proposition 6; 
there we only excluded the case that all vectors lie in a lower-dimensional subspace.) 

Assume that some i < n — 1 side vectors lie in a linear subspace of dimension 
less than i, where i is the smallest such number. We will eliminate these linear 
dependencies iteratively. Let us select the smallest such i. We have already seen 
how we can avoid parallel edges, and therefore we can assume i > 3. (The only case 
where parallel sides could not be avoided was m = 4 and Si = S2 = S3 = S4 (a 
rhomb), and this happens only for n < m — 1 = 3.) 

Observe that we may any time rearrange the cyclic order of side vectors of M 
as we want. So we may assume that any z — 1 side vectors are linearly indepen- 
dent, and some i linearly dependent side vectors are Si, . . . , Ji. Number the ver- 
tices Ak so that Sk goes from vertex A^ to A^+i (indices meant cyclically). Now, 
fixing Ai, A3, II 5*1 II and 115211, the point A2 can move on an {n — 3) -dimensional 
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sphere in a hyperplane within X, with afSne hull orthogonal to the segment [Ai, A^]. 
There is a small generic motion that moves A2 out of the {i — l)-dimensional sub- 
space affjAi, ^3, . . . , Aj_|_i}. Then dimaffjAi, A2, . . . , Ai, Aj+i}) increases by 1, and 
5*1, . . . , 5i become linearly independent. If the perturbation is small enough (or suf- 
ficiently generic), every set of side vectors that was linearly independent before the 
motion remains linearly independent. Therefore, the number of linearly dependent 
i-tuples of side vectors of M decreases. A finite number of iterations eliminates all 
linearly dependent z-tuples. We can then increase i and continue this process until 
i becomes n, and (*) is established. 

Condition (*) can be rephrased as saying that the determinant of any n — 1 normed 

side vectors Si /Si of M (i.e., the signed volume of the parallelepiped spanned by 
them) is nonzero. We denote by 6 > the smallest absolute value of all of these 
determinants. This bound will play the role of the sine of the angle bound /3 in 
Lemmas 1 and 2. 

We have the following generalization of Lemma 1. 

Lemma 3. Let n > 3, and consider n — 1 hyperplanes in M", making an angle at 
most e < 7t/2 with the vertical axis (the Xn-axis). If their unit normal vectors span 
an {n — l)-parallelotope of volume at least b {> 0), then they intersect in a line. The 
angle between this line and the vertical direction is bounded by 

[n — l)^/^sine 

:= arcsin ; 

b 

provided that [n — 1)^/^ sine < b. 

For fixed n, the order of magnitude of this bound on 5 as a function of e and b is 
optimal. More precisely, for any e and b (where < e < 7r/2 and Q <b <1), there 
are instances with sin 5 = min{l, (sine)/ sin( (arcsin 6) /2)}. 

Proof. Since the unit normal vectors Wi, . . . , Vn-i are linearly independent, the inter- 
section of the hyperplanes is a line i. Let us choose a new orthonormal coordinate 
system where i is the last coordinate axis. Then the last coordinate of the vectors Vi 
is zero, and we may write them as Vi = (q*) with v'^ G S*^"^ C R*^"^. By assumption, 
the (n — 1) X (n — 1) matrix V = {v'l, . . . , vl^_i) has determinant of absolute value 
Idetl^l >b. 

Let p = (^ ) , with p' E R"~^, be the unit vector of the original positive x„-direction 
in the new coordinate system. Its angle 6 with the line i satisfies cos 5 = \pn\ and 
sin 5 = Wp'W, and thus our goal is to show that 

||y||<(^_ 1)3/2!!^ _ (14) 

Let ai denote the angle between p and the normal Vi. By the angle assumption on 
the hyperplanes, we have tt/2 — e < a^ < njl + e, and thus, with Tj := cosctj = 
(p, fj) = {p',v[), we have |rj| < sine. 

The n — 1 equations (p', v'i) = ri form a linear system {p')^V = (ri, . . . , r„_i) (the 
column vectors of V being the Wj's), i.e., V'^p' = (ri, . . . ,r„_i)-^, which determines 
p' uniquely: 

p' = {V^)-\r„...,r^_,f. (15) 

By the formula (V^)"^ = adj V^-'"/ det ^^ (where adj V^^ is the transpose of the 
matrix with entries the signed cofactors of the respective entries of V^), each entry 
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of (V^)'^ is an (n — 2) x (n — 2) sub determinant of V"^, divided by ± det V'^. The 
rows of the submatrices of V'^ are vectors of length at most 1, and therefore these 
subdeterminants are bounded in absolute value by 1. It follows that the entries of 
(V^)"^ are bounded in absolute value by 1/6. Since the |rj|'s are at most sine, we 
get from (15) that the n — 1 entries of p' are bounded by {n — l)(sin£:)/6 in absolute 
value, and hence we have proved (14). 

To establish the lower bound, we can lift the tight 3-dimensional example from 
Lemma 1 to n dimensions. The enclosed angle will be the same as in 3 dimensions, 
namely arcsin((sin5)/sin(/3/2)), where sin/3 = b, provided e < (3/2, while for e > 
/3/2 we use the example with e = /3/2. We embed the 3-dimensional example into 
R"" by a linear isometry mapping the positive x,y,z-eixes to the positive a:i,X2, in- 
coordinate axes of M". (The "vertical" direction is now the direction of the x„-axis.) 
The two 2-planes of the three-dimensional example are turned into hyperplanes by 
replacing them by their inverse images under the orthogonal projection of M" to the 
xiX2a;„-coordinate subspace. Simultaneously, we add the hyperplanes with equations 
X3 = 0,...,a;„_i = 0. D 

Lemma 4. Let n > 3 be an integer. Suppose that a convex polytope P C M" has 
facet areas Si, ... , Sm, and its facet outward unit normals enclose an angle at most 
e G (0, 7r/2) with the xi . . . Xn-i-plane, and the volume of the {n — 1) -parallelepiped 
spanned by any n — 1 unit facet normals of P is at least 6 (> 0). Then its volume 
is bounded by 

l/(n-l) 



K(p)<const„.(5:s^"--))^(!l^) 



%f sm'^e<by[2{n-lf]. 

On the other hand, for n > 3, and any m > 2n, there is a suitable Eq G (0, 7r/4), 
such that the following holds. For any e G (0,£:o)j there exists a convex polytope 
P{e) C M", with m facets, which satisfies the hypotheses of this lemma (except the 
one about the facet areas), with b only depending on n and m, such that 

'v{P{e)) > const;, ■ S (P(e))"/(""'^ ■ (tan£)V(--i) 
> const:, ■ m-("-2)/("-i) . (^™^ 5i(£)"/(2«-2))' . (tan£)i/(«-i). 

(here Si{e), . . . , Sm{£) are the areas of the facets of P{e)). In particular, in the 
inequalities of Lemma 2 and this lemma, the order of magnitude, as a function of 
e, is optimal. 

Proof. We begin with the proof of the upper estimate. We denote by Si{xn) the 
{n — 2)- volume of the horizontal cross-section of the i-th facet at height a;„, and by 
^max ^YiQ maximum {n — 2)-volume of such a horizontal cross-section. Let hi be the 
"height" of the z-th facet: the difference between the maximum and the minimum 
x„-coordinates of its points. Let h[ be the "tilted height" of this facet in its own 
hyperplane, i.e., the height when the hyperplane is rotated into vertical position 
about one of its horizontal cross-sections. 

Now, since sin^e < b'^/\2{n — 1)^], the angle 5 from Lemma 3 lies in (0,7r/2). 
Hence, by Lemma 3, P has no horizontal edges, thus also no horizontal /c-faces, for 
any k G {l,...,n — 2}. Therefore, once more by Lemma 3, we know that every 
facet is included in two rotationally symmetric cones, with bases (n — l)-balls. One 
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cone has its apex at the unique lowest point of this facet and extends upwards from 
there. Its axis is vertical (parallel to the x„-direction), and the directrices enclose 
an angle 6 with the x„-axis. The other cone extends downwards from the highest 
point of the facet, has a vertical axis, and directrices enclosing an angle 6 with the 
x„-axis. We use the upwards cone from the minimum height till the arithmetic mean 
of the minimum and maximum heights, and the downward cone for the other half 
of the vertical extent of the facet. By this argument, we can bound the maximum 
cross-section area s™^^ of the i-th facet as follows: 

sr'<((/i./2)-tan5r-'-«:„_2. (16) 

(From the minimum height till the arithmetic mean of the minimum and maximum 
heights, any horizontal cross-section of the cone is contained in some (n — l)-ball 
of radius at most R := {hi/2) ■ tan 5. Thus any horizontal cross-section of the facet 
lies inside the intersection of its own afiine hull, that is an {n — 2)-dimensional affine 
subspace, with the upwards cone having a base an (n — l)-ball of radius R, hence 
inside some (n — 2)-ball of radius at most R. A similar argument holds for the 
downward cone.) Moreover, we also have 



Let us rewrite (16) and (17) as follows: 



1) > sr^'K/in 



;i7) 



hi 



< ((tan(5)/2)" ^ ■ k„_2. 



< (n 



(18) 
l)Si (19) 

We multiply the l/[(2?7, — 2)(n — 2)]-th power of (18) with the n/{2n — 2)-th power 
of (19) to get an inequality that we will need: 

^maxyn-l)/{2n-4)y/^< 



((tan5)/2)'/('"-') ■ (k„_2)'/[('"-')^"-'^1 ■ {{n - l)5,)"/(2"-2). 



(20) 



i/{" 2) (jgnote the constant of the isoperimetric inequality 

(21) 



Leti^:= [{n-iy-^Kn-i 
in n — 1 dimensions: 

K-i(C) < K ■ (K-2(9C))("-i)/("-2) 

We can now bound the volume as follows. 



(for C C 
V{P) 



n-l^ 



[in 



< 



< 



1)- volume of the cross-section of P at height Xn] dxr, 

dxr, ■ K 



■K 



r / m N (n-l)/(2n-4)1 




m 


2 


Xj3.(x.)("-^)/(^"-^) 


d 


.«=i 





/oo "1 m 
J2 E ^.(^n)("-^)/(^"-^)^,(x„)("-l)/(2'^-^) dx^ ■ K 
-°° i=l 7 = 1 



m m 

i=i i=i 



^^^)(n-l)/(2n-4)^^.(^^)(n-l)/(2n-4)^^^.^ 
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m m 



< J2 ^(sr")^""'^/^'""^Hsf "")^""'^/^'""^^ mm{hi, hj} ■ K (22) 



m m 



< ^^^^max)(n-l)/(2n-4)^^max)(n-l)/(2n-4)^/^. ^ 

< (tan5)i/("-i) ■ 2-i/("-i) ■ (At„_2)'/[("-^)("-')l ■ (n - l)"/("-i) (23) 






const,. 



i=l 



2/ ^^ _ n3/2/,- ^\/A \ l/(™-l) 



-l)3/2(sine)/fe 



„ . K] sr'<--> '";^'^°^:^ ,^^ (24) 



^/l-{n-l)^{sm^e)/b^ 



(til 
1=1 



m X 2 / . \ l/{-"-l) 



n/(2n-2) 



Sine 



The first inequality uses the isoperimetric inequahty (21), the second inequahty 
uses concavity of the function t("~i)/(2"-4) ^^^ ^ ^ |-g^ ^^-j g^^^ j^g vanishing at t = 
(observe that < {n — l)/(2n — 4) < 1). Inequahty (22), as in (11), bounds 
the integral of a non-negative function by an upper bound of the integrand times 
the length of the interval where the integrand is positive. For (23), we have used 
the bound (20) that we derived above. Inequality (24) uses the bound 6 from 
Lemma 3. Finally, by hypothesis, the expression under the square root in the 
denominator of (24) is bounded below by 1 — {n — l)^(sin^£:)/6^ > 1/2. We have 
therefore established the claimed upper bound. 

Now we give the example for the lower bound, for n > 3 and m > 2n. Let 
e e (0,£o), where Eq E (0,7r/4) will be chosen later. Let us write W = M""^ © M. 
Let T~^,T~ C M*^"^ be regular {n — l)-simplices circumscribed about the unit ball 
j^n-i q£ K"^!^ which are in such a generic position w.r.t. each other, that their 
altogether 2n facet outer unit normals satisfy the following genericity condition: 
any n — 1 of these facet outer unit normals linearly span M"~^. Let n < m~^,m~, 
and m = m~^ + m~. Let R^ be obtained from T^ by intersecting it still with m^ — n 
closed halfspaces in M*^"^, each containing i?"~^, with its boundary touching B^~^. 
Then 

5"-^ CR^ CT^ C{n- l)fi""\ 

Let the altogether m = m^ + m~ facet outer unit normals of i?"*" and R^ satisfy 
the same genericity condition as above: any n — 1 of these facet outer unit normals 
linearly span M"~^. Let 6 > be the minimum of the (n — l)-volumes of the 
(n — l)-parallelotopes spanned by any n — 1 facet outer unit normals out of these 
altogether m facet outer unit normals of R'^ and R~ . (Observe that for n = 3 and 
m > 2, the largest value of b is sin(7r/m) — if we do not begin the construction with 
two regular triangles, but allow any m facet outer unit normals in S*^"^ = S^. For 
n > 3, the maximal value of b can be bounded from above as follows — again not 
beginning with two regular simplices, but allowing any m facet outer unit normals 
in S"-"^. Let us choose altogether n — 1 outer normal unit vectors of i?"*" and R~, 
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say, Ml, ... , Un-1 G S"~^. We have 

|det(Mi,...,u„_i)|/(n- 1)! = 

K-2(conv{ui,...,n„_i}) ■ dist (0, aff {ui, . . . , M„_i})/(ri - 1) < 

Vn-2{conY {ui, . . . , Un^l}) / {n - 1) 

(here dist denotes distance). Thus it suffices to bound V^„2(conv{Mi, . . . ,m„_i}) 
from above. This is the spherical analogue — for S"~^ — of the celebrated Heil- 
bronn problem, which asks for the maximum of the minimal n- volume of n-simplices 
spanned by any m points in [0, 1]", which problem is poorly understood; for an ex- 
tensive literature on this problem, cf. [12], Ch. 11.2. Unfortunately this spherical 
variant cannot be reduced to the case of [0, 1]"^^, by taking projections of, say, the 
intersections of all orthants by S"~^, to the tangent M'^~^'s at their centres, since 
the area of conv {ui, . . . , n„_i} can be large, even if its projection has a small area. 
In one direction we have an implication: large projection areas imply large areas — 
however, then large areas still do not imply large values of |det [ui, . . . , n„_i)|. How- 
ever, this spherical variant is a special case of the Heilbronn problem for [0, 1]"~^: 
namely we can add to any set of n — 1 vectors in §"~^ still the single vector — but 
seemingly this way we loose a part of the information.) Let P^{e) be the half- infinite 
pyramid with vertex (0, . . . , 0, itane), and base R^. Then 

CHe) C PHe) C C^e), 

where Q (e) or C^{e) is a half-infinite cone with vertex (0, . . . , 0, ± tane), and base 
j^ri-i^ or (n — 1)B"'~^, respectively. Therefore 

a{e) := Ctie) n C-{e) C P{e) := P+{e) n p-{e) C Co{e) := C^ie) n C;{e). 

Here Ci{e), or Co{e) is a double cone over i?"~^, or {n — l)i?"'~^, respectively, with 
vertices (0, . . . , 0, itane). Moreover, P{e) is a convex polytope with m facets, 
all facet outer unit normals enclosing an angle e with the Xi . . . x„_i-hyperplane 
(actually with the respective facet outer unit normal of R^ or R~). If Eq, and thus 
also e, is sufficiently small, then still any n — 1 facet outer unit normals of P{e) span 
an (n — l)-parallelotope of volume at least some b' G (0, b). 
A routine calculation gives 

V{P{e)) ^ V{Q{e)) (tan£)V(«"i) 



S (P(£:))"/^""^^ ~ S (Co(£:))"^^""^^ n(2fi:„„i) V{"-i) [1 + (r^ - 1) tan^ £:]"/(2n-2) • 

Therefore, 

'V{P{e)) > 5(P(e))"/^""'^ ■ (tan£)i/("-i)/ 
[n(2K„_i)V(«-i) [l + {n- 1) tan2 5o]"/('""')] > 

^ [n(2ft:„_i)i/("-i) [1 + (n - 1) tan2 5o]"/('"-')] • 

Here Si{e), . . . , Sm{£) are the areas of the facets of P{e), and the second inequality 
is equivalent to Holder's inequality for the numbers Si{e), between their arithmetic 
mean and their power mean with exponent n/(2n — 2) G (0, 1). Last observe tan^o ^ 
(0,1). D 
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Now we can finish the third proof of Theorem 2, for n > 3. We proceed as for 
n = 3, but instead of Lemma 2 we use Lemma 4. In the last but one paragraph 
before Lemma 3, we have constructed a closed polygon M in the (n — l)-dimensional 

subspace X such that any n — 1 normed side vectors Si /Si span a parallelotope of 
volume at least b. As in the third proof of Theorem 2, for n = 3, we take the 
first three consecutive vertices AiA2A^ of M and "rotate" A2 out of the subspace 
X, keeping the lengths of the two sides A1A2 and A2A3 fixed. We have a whole 
(n — 2)-dimensional sphere on which A2 can move, which intersects X orthogonally. 
By bounding the distance by which A2 moves by a suitable threshold, we can ensure 
that any n — 1 normed side vectors Si /Si still span a parallelotope of volume at 
least b', for some weaker bound b' > 0. The angle between A1A2 or A2A3 and 
the "horizontal" hyperplane X can be made as small as we like. Thus, Lemma 4 
guarantees that the volume goes to zero as well. D 

5. Proofs for the hyperbolic case 
For general concepts in hyperbolic geometry, we refer to [5, 7, 15, 32, 35, 38]. 

5.1. Proof of Proposition 1. Let H be the hyperplane of the facet of P of area 
Sm- Let p: H" -^ H he the orthogonal projection of H"' to H. We have that the 
image by p of the union of the m — 1 facets, different from the above considered 
facet, contains the above considered facet. 

Let dS be a surface element at a point x G H". Let its image by p be the surface 
element dS' at p{x). Clearly it suffices to show that dS' < dS. We may suppose 
that dS is an (infinitesimal) (n — l)-ball, of radius dr, in the tangent space Tr(H[") 
of H" at X. 

First we deal with the case when dS is orthogonal to the line i (x, p{x)) (for x G if 
we mean the line containing x and orthogonal to H). Then dS' is an infinitesimal 
(n — l)-ball in Tp(a;)(H["), of radius dr'. Let h := |a;p(a;)|. Then, by the trigonometric 
formulas of Lambert quadrangles in H^ (i.e., which have three right angles), we have 
(cf. [38, §29, (V)], or [14, Theorem 2.3.1]) 1 < cosh/i = tanh(rfr)/tanh(dr'). Hence 
dr' < dr, therefore dS' < dS. 

Second we deal with the case when dS is not orthogonal to the line i{x,p{x)). 
Then the image by p of the infinitesimal (n — l)-ball dS in Ta;(EI") is an infinitesimal 
(n — l)-ellipsoid in Tp(2,)(E["), that has n — 2 semiaxes equal to dr', and the {n — l)-st 
semiaxis smaller than dr'. Hence dS' < dS. 

The case of equality is clear: the polytope must degenerate to the doubly counted 
facet of area Sm- CH 

5.2. Proof of Proposition 2. From maximality of Sm, Sm^i, ■ ■ ■ , S3 there follows 
that all vertices lie at infinity — since a vertex cannot be incident only to the facets 
of areas S2, Si — hence we have that also 5*2, 5*1 are maximal. D 

5.3. Proof of Proposition 3. Let P be a convex polyhedron as in the proposition, 
with respective facets Fi, . . . , Fm- Let us consider any vertex of the facet Fj. We 
have for the angles of the facets incident to this vertex, that the angle of Fi at this 
vertex is at most the sum of the angles of all other facets incident to this vertex. In 
fact, intersecting P with an "infinitesimally small" sphere with centre at this vertex 
(in the conformal model), we obtain a convex spherical polygon with side lengths the 
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(convex) angles of all facets incident to this vertex, at this vertex (all these angles 
being in [0, vr)). 

Summing these inequalities we obtain the following. The sum ti of the angles of 
Fi is at most the sum ^2 of the angles of all other facets, having some common vertex 
with Fi, at the vertices of Fi. We increase ^2 if we take the sum t^ of all angles of 
all other facets having some common vertex with Fi. We further increase ts if we 
take the sum ^4 of all angles of all facets different from Fi. Then the thus obtained 
inequality ti < ^4 is equivalent to the inequality to be proved. 

Clearly, if we have at least one finite vertex, with incident edges not in a plane, 
then we have at least one strict inequality among the summed inequalities. So, in 
this case, we have strict inequality in the proposition. D 

The discussion of the inequality ti < t^, from the proof of Proposition 3, for M'^ 
and §^, cf. in Section 6.1, Remark 9. 

5.4. Proof of Theorem 3. 

Proposition 8 ([5, p. 127], [24, Theorem 1, Proposition 2]). In M"', for n > 2, a 
simplex (with vertices at infinity admitted) is of maximal volume if and only if all 
its vertices are at infinity, and it is regular. It has a finite volume. 

Let Vn be the maximal volume of a simplex in W^. For instance, ^2 = vr and 

7r/3 

173 = -3 / log |2sinn|dn = 1.0149416 . . . , [35, p. 20], [5, p. 127]. Obviously, for the 


facet areas Si of a compact simplex in H" the inequalities 

< 5*1 < . . . < Sn+l < t'n-l 

hold. 

Lemma 5. Suppose that AABC G M"^ is a triangle such that ZACB = -7r/2, and 

\AC\ = b and \BC\ = a. Then the area S of this triangle satisfies the equality 

sinh a ■ sinh b 
tauD 



cosh a + cosh b 



This is a routine consequence of the trigonometric formulas for a right triangle in 
EI^, using S = 7r/2 - a - /3, and tan.{ZCBA) = (tanh6)/sinha, and tan{ZCAB) = 
(tanha)/sinh6, cf. [15, p. 238], and of tanhx = (sinh x)/ cosh x. D 

Lemma 6. Let d > 0. Suppose that AABC gM^ is a triangle such that \AB\ < d 
and \AC\ < d. Then the area S of this triangle satisfies the inequality 

cosh d — 1 
D < 2 arctan ■ 



2vcosh(i 

Proof. Without loss of generality we may suppose that \AB\ = \AC\ = d. Let H 
be the orthogonal projection of A to the line i{B,C). Put x = cosh.\AH\, and 
y = cosh \BH\ = cosh \CH\. Then x > 1 and y > 1, and xy = coshd. Let S be the 
area of AABC. By Lemma 5 we get 
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Looking for the maximum of the numerator, and the minimum of the denumerator, 
we see that the maximal value of S is attained for x = y = Vcosh d, from which the 
lemma follows. D 

Lemma 7. Let F = (/i, /2) : P — )> M^ be a continuous function, where P = [0, a] x 
[0,6], with a > and b > 0. Suppose that there are ui,U2,vi,V2 G M, such that 
Ui > U2 and Vi < V2, and 

/i(x,0) + /2(x,0)<0, /i(x,6) + /2(x,6)>0, and 

Mi/i(0,y) +U2f2iO,y) < 0, vifi{a,y) +^2/2(0,?/) < 0, 

for every < x < a and < y < b. Then there is a point (c, d) G P, such that 
F{c,d) = (0,0). 

Proof. All is clear if F vanishes at some point of the boundary d{P) of P. If F has 
no zero on d{P), then it is sufficient to see that the index of the vector field F on 
the curve d{P) is 1. Namely, this implies that there is (c, d) in the interior of P 
satisfying F{c,d) = (0,0) [25, p. 98, proof of Theorem VL12, sufficiency]. 

To determine the index of F, we define the auxiliary function Fq: d{P) — ?■ §^ 
as follows. We let Fq ([(a, 0), (a, 6)]) = {(1/72,-1/^2)}, and Fq ([(0, 6), (0, 0)]) = 
{(— 1/-\/2, 1/v^)}. Further, Fo{x, 6), or Fo{x, 0), for x changing from b to 0, or from 
to b, moves with constant angular velocity from (l/\/2, ~1/ v2) to (— l/v2, 1/ v2), 
or from (-1/^2, 1/^2) to (1/^2, -1/^2), in the half-plane x + y >0,oix + y< 0, 
respectively. Then, for {x,y) G d{P), we have that F{x,y) and Fo(x, ?/) never point 
to opposite directions, hence F{x, y)/\\F{x, y)\\, Fo{x, y) : d{P) — )■ §^ are homotopic. 
Therefore the index of F equals the index of Fo, i.e., 1. D 

We still need two lemmas which together form a sharpening of two lemmas 
from [11]: 

Lemma 8 ([11, Lemmas 1 and 2]). Consider a (possibly degenerate) triangle A in 
S^, M^, oriP with sides a,b,x, where a,b > 0. For the case o/S^, we additionally 
assume a + b < ir. Then, for a, b fixed, and \a — b\ < x < a + b, the area A of this 
triangle is a concave function of x. (For x = a + b = n on S^, we define A by a limit 
procedure, i.e., we set A = n; observe that for a + b = it, the area A is half the area 
of a digon with sides containing the sides a,b of A.) In addition, the area is strictly 
concave for M^ and H^, and, for a + b < n, also for §^. D 

We calculate more precise details about this concave function and the value of its 
maximum: 

Lemma 9. We use the notations of Lemma 8, and denote by 7 the angle of the 
sides a,b. For S^ let us additionally suppose a + b < tt. Then A equals for 
X = \a — b\ and x = a + b, and it has a unique maximum for some value x = Xmax? 
with corresponding angle 7 = 7max- 
For H^, we have 

cosh(xmax/2) = A/(cosh fl + cosh b)/2, 
cos7max = tanh(a/2) ■ tanh(6/2), 
and the value of the maximum area is 

7T — 2arcsin (sinh(a/2)/sinhr) — 2arccos (tanh(a/2)/tanhr) + 
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vr — 2arcsin (smh(6/2)/sinhr) — 2arccos (tanh(6/2)/tanhr) , 



where cosh r = A/(cosh a + cosh b)/2. 
For M."^ , we have 

^Lx = a^ + 6^ 7max = 7r/2, 

anc? the maximum area is ah/ 2. 
For S^, we have 



cos(xjnax/2) = \/(cosa + cos6)/2, 
cos7max = — tan(a/2) ■ tan(6/2), 

anc? i/ie maximum area is 

2arcsin (sin(a/2)/sinr) + 2arccos (tan(a/2)/tanr) — tt + 
2 arcsin (sin(6/2)/ sin r) + 2 arccos (tan(6/2)/ tan r) — tt, 

where cosr = A/(cosa + cos6)/2. 

Moreover, letting y/2 he the distance hetween the midpoint of the side x and the 
common vertex of the sides a and h, we have the following equivalences: 

7 e [0, 7max) <^==^ X <y, and 7 = 7max <^=^ X = y, and 7 G (7max, vr] <^=^ x > y. 

Proof. For M^ the statement is elementary. Therefore we investigate only the cases 
ofH^ andS^ 

Denote the vertices of the triangle opposite to the sides a, h, or x, by A, B, or C, 
respectively. Let D be the mirror image of C with respect to the midpoint of side x. 
Then the quadrangle ABCD is centrally symmetric with respect to the intersection 
O of its diagonals EC (of length x) and AD (of length y). Its area is 2 A, so it 
suffices to investigate its area. 

We recall the isoperimetric property of the circle (in M^, H^, and on S^, but in the 
last case of radius r < (a + 6)/2 < 7r/2) among sets of equal perimeter — namely 
that the maximum area is attained for the circle — for §^ for sets contained in 
some open half-S^, and considering the area of that domain having this boundary, 
that lies in the above open half-§^ [44, Ch. 18, §6, 2, (18.39)]. Observe that a 
piecewise C^ closed curve on S^, with length less than 27r, lies in some open half-§^, 
by elementary integral geometric considerations [44, Ch. 7, §2, (7.11), and Ch. 18, 
§6, 1, (18.37)]. (For a very much detailed exposition of the isoperimetric inequality 
in spaces of constant curvature, i.e., M", !!",§"■, cf. [45]; for some further details 
see [46].) 

For 7 = we have x = \a — h\ < a + h = y, while for 7 = tt we have x = a + h > 
\a — h\ = y. Therefore, for some 7 G (0,7r), we have x = y. This implies that, for 
this 7, i.e., for this x, we have that ABCD is inscribed to a circle of centre O, and 
radius r := x/2 = y/2. This implies, via the isoperimetric property of the circle (on 
S^ of radius r < [a + h)/2 < 7r/2, in the above detailed sense) that this 7 equals 
7max5 i-e., this x equals a^max, [29, p. 63, Problem 21], [28, §5, Problem 63], [30, 
p. 52]. (These references deal with the case of M^, but their well-known proof takes 
over to H^ and §^, if we use the isoperimetric property of the circle, on S^ of radius 
r < {a + h)/2 < 7r/2, in the above detailed sense.) 
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We determine the radius of this circle. By the law of cosines for the triangles 
AAOC, ADOC, we have, writing (^ := ZBOC, for H^, that 

cosh a = cosh(x/2) • cosh(y/2) — sinh(x/2) ■ sinh(y/2) • cosip, 

and 

cosh 6 = cosh(x/2) ■ cosh(y/2) + sinh(x/2) ■ sinh(y/2) ■ cos (p. 

Adding these, we obtain 

cosh a + coshfe = 2cosh(x/2) ■ cosh(?//2). (25) 

Analogously, for S^, we obtain 

cos a + cos b = 2 cos(x/2) ■ cos{y/2). 
(These are the analogues of the parallelogram law in M^.) Thus, for H^, we have 

cosh a + cosh b = 2 cosh^ r = 2 cosh^(Xmax/2), 
and, for S^, we have 

cos a + cos 6 = 2 cos^ r = 2 cos^(xmax/2), 

while < r < (a + b)/2 < tt/2. 

Further, for H^, we have that x is a strictly increasing function of 7, and, by 
(25), y is a. strictly decreasing function of x. Hence, for x = 2r we have y = 2r, for 
|a — fe| < a; < 2r we have 2r < y < a + b, and, similarly, for 2r < x < a + b we have 
\a — b\ < y < 2r. These imply the last equivalences in the lemma for H^. 

Next we determine cos7max for H^. By the law of cosines, for the triangle A ABC, 
we have 

cosh a ■ cosh b — cosh(2r) 

cos7max = r-T r-TT • 

smh a ■ smh 

Here cosh(2r) = 2 cosh r — 1 = cosh a + cosh 6 — 1, and this implies the formula in 
the lemma. (Observe that < a,b implies < tanh(a/2) ■ tanh(6/2) < 1.) 

For S^, the proof of the last equivalences in the lemma, and the calculation of 
cos7max are analogous. (Observe that then < a,b and a/2 + 6/2 < 7r/2 imply 
0< tan(a/2) ■ tan(6/2) < 1.) 

Last, the value of the maximum follows by the trigonometric formulas for a right 
triangle, in H^, and S^. D 

In order to prove Theorem 3 we need the following 
Construction 1. Consider a number 

5G(0,7r/2) (26) 

and a number t > 0, such that 

2sinh (t/2) > tan S. 

(Later S will be the area of a compact right triangle, which explains condition (26). 
At the same time, it explains the hypothesis < 6*4 < 7r/2 of the theorem, since in 
the proof S will be chosen, e.g., as 5*4.) 
Now, we define a function 

ft,s: [0,t]-^M 
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as follows. For any x G [0,t], consider the function 

sinh X ■ sinli y sinh(t — x) ■ sinli?/ 

9x{y) '■= arctan — h arctan ■ 



cosh X + cosh y cosh(t — x) + cosh y ' 

where y G [0, oo). It is easy to see that {d/dy)gx{y) > for y G [0, oo), and gx(0) = 0, 
and 

lim Qxiy) = arctan(sinha;) + arctan(sinh(t — x)) 

> arctan (sinhx + sinh(t — x)) > arctan(2 sinh(t/2)) > S 

for all X G [0,t]. Here, at the first inequality, we used concavity of the function 
arctan y on [0, oo) and arctan = 0, and, at the second inequality, we used convexity 
of the function sinhx on the interval [0,t\. Therefore, there is a unique y G (0, oo) 
such that gx{y) = S. We put 

ft,s{x):=ye{0,oo). (27) 

Now, we consider some properties of the defined function. Obviously, ft^s is contin- 
uous on [0,t] (moreover, is C^ on (0,t)), and ft,s{x) = ft,s{t ~ x)- It is easy to get 
a geometric interpretation of ft^s- 

Let us consider a triangle AABC C H^ with the following properties: 

1) \AB\ =t, 

2) if H is the orthogonal projection of C to the line i{A, B), then \AH\ = x E [0, t], 

3) the area of AABC is S. 

It is easy to see (using Lemma 5), that for such a triangle we get \CH\ = ft^si^)- 
It is easy to see that for < 5* < 5" we have /^ ^{x) < ft,s{x) for every x G [0, t]. 
In what follows we determine the number 

ht,s := A5(0) = ftAt)- (28) 

By Lemma 5, we have 

sinh t ■ sinh ht s 
tan 5 



cosh t + cosh ht^s 
Solving this equation for cosh ht^s, we get 

tan^ S ■ cosh t + vT+tan^S ■ sinh^ t 



cosh ht s 



sinh^ t — tan^ S 



(Observe that sinht > 2sinh(t/2) > tan 5* by strict convexity of the function sinht 
on [0, oo) and sinhO = 0.) From this we see that cosh ht^s -^ l/cosS* as t — )■ oo. 

Proof of Theorem 3. 1. First we consider the case when hypothesis (1) of Theorem 3 
holds. 

Let us take a t > 0, such that 

2sinh(t/2) > tanS'4, (29) 

and for the number ht^Si ■= /t,S4(0) = ft,Si(t) (see (27) and (28)) we have 

^"^; ^^^-"--^ < tan(5,/2). (30) 

2^/coshht,s4 
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Such a t exists, since cosh.ht^s4 -^ 1/ cos 6*4 as t — ;■ 00, and 

coshht,s4 - 1 1 - cos 54 . , - 

It o / UA = o / ^ < tan(^i/2), 

by hypothesis (1) of the theorem. 

Consider any plane a in H^. Take points Ai, A2 & a such that |Aiyl2| = t, where 
t has been chosen above. Let a^ and a~ be the two half-planes bounded by the line 
£(^1,^2) in a. 

For a given x G [0, t], we take the point H = H{x) on the segment [Ai, A2], such 
that l^iii/^l = X. Consider the half-line l^ from if in a'^, that is orthogonal to the 
line £{Ai,A2). Now, let A4 = A4{x) be the point on l^ satisfying |A4iy| = ft^Ssi^), 
and let ^3 = A^i^x) be the point on l^ satisfying jAaiJl = ft,S4{x). By S4 > S3, we 
have ^4 G [A3, if], thus also |ii"A4| < |ii'A3|. 

Now, let {'jif)} be the one-parameter group of rotations about the line i{Ai, A2) 
through the angles ip (in some definite sense of rotation), with 7(0) being the iden- 
tity. For ip G [0,7r], we consider the point A3 = A3{x,ip) := ■y{ip){A3{x)). Note 
that y43(x,7r) G a~ . Consider also A4{x,ip) := A^i^x), and Ai{x,(p) := Ai, and 
A2{x,(p) := A2. 

We are going to prove that there exists an [x, ip) G [0, t] x [0, vr] such that the 
(possibly degenerate) tetrahedron T = T(x, ip) := Ai{x, (p)A2{x, (p)A3{x, ip)A4^{x, ip) 
has facet areas 5*1, 5*2, ^3, S4 (for the facets opposite to Ai{x, ip), etc.). 

Let Si{x,ip) be the area of the facet of T{x,ip) that is opposite to the vertex 
Ai = Ai{x,(p). Obviously, S4{x,(p) = S^ and S2,{x,(p) = S3, by our construction. 

Let us define functions /i, /2 : [0, t] x [0, tt] — t- M as follows: 

fi{x,(p) = S2ix,(p)- S2, f2{x,(p) = Si{x,ip)- Si. (31) 

It is easy to see that 

/i(x, 0) + /2(X, 0) = ^4 - 5i - ^2 - ^3 < 0, (32) 

/i(x, vr) + /2(x, vr) = ^3 + ^4 - 5i - ^2 > 0. (33) 

Now we check that 

fi{0,ip)<0, f2{t,^)<0, (34) 

for all ip G [0, vr]. 

For the first inequality in (34), we note that the point ^3(0) satisfies |y43(0)74i| = 
/t,54(0) = /it,54, and the point ^4(0) satisfies |v44(0)Ai| = f 1,83(0) =: ht^s-i < 
ht^Si- Therefore, for every ip G [0,vr], the triangle AAiA3{0,(p)A4{0,ip) satisfies 
|74iy43(0, (y?)! < ht,s4, and |74i744(0, (/9)| < ht^s^- By Lemma 6 and (30), we get 

cosh ht Sa — ^ 
S2{0,ip) < 2arctan =■ < oi < 02. 

2^ycoshht,s4 

Therefore, /i(0, <p) = 52(0, ip) - S2 < ^2(0, <p) - Si < for all <p> G [0, vr]. 

For the second inequality of (34), we replace in the above argument Ai, ^3(0), or 
^4(0) by A2,A3(t), or A^it), respectively. Then we get f2(t,(p) = si{t,ip) — Si < 
for all ip G [0, vr]. 

Taking into account the inequalities (32-34), by Lemma 7 (for {ui,U2,vi,V2) := 
(1,0,0,1)), we get that there exists an {x,ip) G [0,t] x [0,vr], such that fi{x,ip) = 
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f2{x,ip) = 0. This means that si{x,ip) = Si and S2{x,ip) = 5*2, for the correspond- 
ing, possibly degenerate tetrahedron T. 

2. Now we consider the case when hypothesis (2) of Theorem 3 holds. We use 
the same construction of the tetrahedron T, as in the first case. For the functions 
/i and /2 defined by (31) we get the inequalities (32) and (33). Now we check that 

/2(0,<^)>0, /i(t,<^)>0, (35) 

for all (p G [0, vr]. For this we note that 

Sl(0, ip) > Si(0, 0) = ^4 - ^3 > ^2 > 5i, (36) 

and 

S2{t,^)>S2{t,0) = S,-Ss>S2, (37) 

for (fi G [0,7r], provided t is sufficiently large, as we will prove. Of course, we have 
to prove only the first inequalities in (36) and (37). 

We will investigate si(0, (p); the case of S2it, (p) is analogous. Recall that |iJv44| < 
IhAsI, that implies ho^s^ = |Ai(0,(^)A4(0, v^)| < \Ai{0,ip)A3{0,ip)\ = ho,s,. For t 
fixed, but if G [0, vr] variable, we have for the third side of the triangle 
AAi{0,p>)A3{0,ip)A4{0,(p) that 

|^3(0,v?)A(0,v?)| e [ho,s4 - ho,S3^ho,s4 + ^Sg]- 

Therefore, to show 

si(0,(^)>si(0,0), (38) 

we must show that the area of the triangle with two sides a := 1^2(0, (f)A4{0, (f)\ and 
b := \A2{0,ip)A2,{0,ip)\, where a <b (since cosha = cosht- cosh.\Ai{0,ip)A4^{0,(p)\ 
< cosht ■ cosh |Ai(0, ip)As{0, ip)\ = coshfe), and third side c := |Ai(0, ip)A3{0, ip)\ — 
\Ai{0, ip)A4^{0, ip)\ = /io,s'4 — ho^Ss, is less than or equal to the area of the triangle 
with the same first two sides, and with third side in the interval 

[ho,Si - ho,Ss, ho,s4 + ^^0,53] C [ho,Si - /io,53 , 2/^0,54] C [ho,s4 - /^o, 53, const]. 

For the last inclusion observe the following. By the geometric interpretation, for 5*4 
fixed, and t > 2arsinh [(tanS'4)/2] (cf. (29)) increasing, ho^Si decreases. Therefore, 
/io,54 remains bounded, for S4 fixed, and t increasing from its originally chosen value, 
to, say, to infinity. 

Inequality (38) will be proved if we show that, fixing the first two sides a and b, 
and varying the third side, x, say, in the interval [/io,S4 — ^0,53, const], the area is a 
monotonically increasing function of the length of the third side. 

Now we apply Lemmas 8 and 9, for the triangle with sides a, b, x. We need to 
show that its area is increasing for x G [b — a, const], where, from the preceding 
considerations, we know that < fe — a < const. By these Lemmas, this is satisfied 
for a; G [b — a, Xmax] — which we can apply provided b — a < const < Xmax — where 
cosh^(xmax/2) = (cosh o + cosh 6) /2. Thus, it suffices to show that Xmax > const, 
i.e., that Xmax -^ 00 ioi t -^ 00. 

Now we estimate Xmax from below. We have 

cosh^(xmax/2) = (cosh a + cosh 6) /2 > cosha > e'^/2, 
hence 

(e^— /2)2 > cOsh2(x^ax/2) > 6^2, 
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hence 

Xmax > a - log 2 > t - log 2 -^ oo, 

as we wanted to show. Thus, (35) is proved. 

Taking into account the inequalities (32), (33), (35), by Lemma 7 (applied for 
{ui,U2,Vi,V2) = (0,-1,-1,0)), we get that there exists an {x,ip) G [0,t] x [0,7r], 
such that fi{x,ip) = f2{x,ip) = 0. This means that Si{x,(p) = Si and S2{x,(f) = S2 
for the corresponding, possibly degenerate tetrahedron T. 

3. It remains to exclude degeneration of our tetrahedra. Our construction yields 
degenerate tetrahedra only for y? = and ip = ii. In the first case S4 = Si + S2 + S3, 
a contradiction to our hypotheses. In the second case 5*4 + 53 = S2 + S1, that implies 
TT > 5*4 = 5*3 = 5*2 = 5'i > 0. (By the way, this can occur only in 1 of the proof 
of this theorem.) Then a suitable regular tetrahedron satisfies the conclusion of the 
theorem. D 

Remark 7. Let us apply the construction in the proof of Theorem 3 to the numbers 
Sis"^, and te, rather than Si and t, where e — > 0. Then, for sufficiently small 5 > 0, (1) 
from Theorem 3 holds, and, as an analogue of (29), we have 2 sinh(te/2) > tan(S'4e^). 
Then we obtain in the limit a Euclidean tetrahedron with facet areas Si, and one 
edge t. This gives a new proof for the last statement of Theorem E for M.^ (existence 
of tetrahedra of arbitrarily small positive volume). Namely, for t — )■ 00, the heights 
of the facets meeting at the edge of length t, corresponding to this edge, are 0(l/t). 
Thus, the tetrahedron is included in a right circular cylinder, of height t, and radius 
of base 0{l/t). Hence, the volume of the tetrahedron is 0{l/t), while t is as large 
as we want. Degeneration is excluded as in Step 3 of the proof of Theorem 3. 

6. Proofs for the spherical case 
Recall our convention about the notion of simplices in S", before Proposition 4. 

6.1. Proof of Proposition 4. 1. We begin with the proof of the first inequality. 
Let the facets of P be Fj. We have for their areas 

Si = const„ ■ / |Fi n §VS\ (39) 



where the integration is taken with respect to the unique 0{n + l)-invariant prob- 
ability Borel measure (for the standard embedding S" C M*^"*"^) on the manifold of 
all the great-S^'s in S" (cf. [44, Ch. 18, §6, 1]), where | ■ | denotes cardinality, and 
const „ > 0. 

Observe that at the integration we may disregard those S^'s, which lie in the great- 
S"~^ spanned by the facet F^, since they have measure 0. By the same reason, we 
may disregard those S^'s, which pass through the relative boundary of Fi (in the 
great-S"~^ spanned by it), for all i G {1, . . . ,m}, simultaneously. If an S^ does not 
lie in the above hyperplane, and does not intersect the above relative boundaries, 
then it cannot contain two opposite points of any Fi (since Fi lies in a closed half- 
§"~^, both these points would lie in the relative boundary of Fi, taken with respect 
to the great-§"~^ spanned by it). If such an S^ enters P at some point p G F^, 
it must also leave P, through some other facet (since this §^ does not contain two 
opposite points of Fm), till it comes back to p. (This holds even in the degenerate 
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case, when some portion of Fm is a doubly counted boundary of P, either as a "flat" 
piece of P, or as bounded from both sides by the interior of P.) 

This implies that, for i = m, the integral (39) is at most the sum of all analogous 
integrals for all 1 < i < ?7i — 1. Then (39) gives our inequality. 

Now suppose that P lies in an open half-S" (in the northern hemisphere, say), 
but does not degenerate to the doubly-counted Fm- 

Let Sm be the great-S"""*^ spanned by Fm- If U^Jj^Pj ^ §m, then there exists an 
X G U^'^^relint Pj, such that x ^ S^- Also, there exists a y E S^ \ Fm that also 
lies in the open northern hemisphere; then x ^ y. Then some neighbourhood of 
the great-§^ xy (since both x, y lie in the open northern hemisphere, this great-S^ 
exists), in the set of all great-S^'s in S*^, has a positive measure. Thus the set of 
S^'s, intersecting U^'^Fi, but not Fm, has a positive measure. This implies the 
strict inequality in this case. 

If U"r/Pi C §™, then, whether U^r^^Pi ^ P^ or U^j/Pi C P^, we have strict 
inequality, unless P degenerates to the doubly counted facet Fm- This, however, 
was excluded. 

2. We turn to the proof of the second inequality. We use the same formula (39). 
Now we disregard those S^'s that lie in the great-S"'~^'s spanned by any facet of P, 
as well as those S^'s that pass through the relative boundary of any facet Pj. We 
compare the sum of the right hand sides of (39) for all 1 < i < m, and the analogous 
integral, when in the right hand side of (39), we take a great-S"'"^ rather than Pj. 

Clearly, for a great-S"~^ the cardinality of its intersection with a great-S^ is almost 
always 2. For the S^'s that were not disregarded, and for any i, the cardinality 
|Pj n S^l is at most 1, since a great-S^ cannot contain two opposite points of Pj 
(see part 1 of this proof). For P not degenerate, one great-§^ cannot intersect the 
interiors of three facets Pj. Namely, at each point of intersection it passes either 
outward, or inward P (with some definite orientation of our S^). Thus there would 
be at least four points of intersection, and the intersection of P and this great-S^ 
would be the union of at least two disjoint non-trivial arcs, contradicting convexity of 
P. Hence, the sum of the integrands in the right hand sides of (39), for i = 1, . . - ,m, 
is less than 3. For P degenerate, the same statement holds. This implies the second 
inequality of the proposition. 

If P lies in an open half-S", then the set of S^'s intersecting the boundary of the 
open half-S", but not intersecting U^;^Pi, has a positive measure. (Namely, any 
great-S^, sufficiently close to the boundary of the open half-§", has this property.) 
This implies the strict inequality in this case. D 

Remark 8. For Proposition 1, for H", the same proof works as in 1 of the proof of 
Proposition 4, however, without the case of equality. We have to consider also [44, 
Ch. 18, §6, 1], taking, rather than §^, a segment of a fixed positive length t, and 
then letting t tend to infinity. However, we preferred to give the elementary proof 
for Proposition 1. 

Remark 9. Clearly, the inequality ti < t^ from the proof of Proposition 3 is valid 
also for M.^ and S'^. However, for M^, and also for S'^, provided that each facet is 
contained in a closed half-S^, and has at least three sides — in particular, if the 
polyhedron is contained in an open half-S'^ — they are evident. For M^, the sum of 
the angles of Pj is ti = {hi — 2)7r, while it has ki neighbouring faces, each having 
sum of its angles at least vr, so ti = {ki — 2)7r < /cjvr < t^- Similarly, for S^, with 
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the above hypotheses, the sum of the angles of Fi is ti = Si + {ki — 2)7r, while each 
other facet Fj has a sum of its angles Sj + {kj — 2)7r > Sj + ir. So the sum of the 
angles of these facets Fj is at least ^,('S'j + vr), hence (^ • Sj) + /Cj7r < t^. Therefore, 
ti = Si + {ki — 2)7r < Si + kiTT < (^ • Sj) + kin < t^. Here we used Proposition 4, first 
inequality, that implies Si < ^ Sj, provided all facets lie in some closed half-S^'s. 

6.2. Proof of Theorem 4. Now we give the spherical analogues of Lemmas 5 
and 6. 

Lemma 10. Suppose that AABC G S"^ is a triangle such that ZACB = it/2, 
\AC\ = b and \BC\ = a, where < a, 6 < tt. Then the area S of this triangle 
satisfies the equality 

sin a ■ sin b 

tan S = 

cos a + cos 

if a + b ^ 71. For a + b = tt, the area is S = 7i/2. 

Lemma 11. Let < d < 7r/2. Suppose that AABC G Ei^ is a triangle such that 
\AB\ < d and \AC\ < d. Then the area S of this triangle satisfies the inequality 

1 — cos d 
D < 2 arctan ■ 



2vcos(i 
if d ^ 7r/2. For d = 7r/2, the bound is S < n. 

Proof of Lemmas 10 and 11. We proceed analogously as in Lemmas 5 and 6. (Ob- 
serve that for a + b = Ti the statement of Lemma 10 is elementary, so we may suppose 
a + 6 7^ TT. Similarly, for d = 7r/2 the statement of Lemma 11 is elementary, so we 
may suppose d < 7r/2, thus cose? > 0.) D 

To prove Theorem 4, we will need an analogous construction as for Theorem 3. 
Construction 2. Let 

5e(0,7r/2], (40) 

and let us choose 

t = 7r/2. 

(Later we will apply Lemma 8, with sides a, b at most tt/2, and Lemma 8 is false 
for a = 6 G (t, vr) = (7r/2,7r). Thus t = 7r/2 is the maximal value, for which our 
proof applies. Later, S will be the area of a spherical triangle included in a spherical 
triangle with three sides 7i/2, which explains (40).) Now, we define a function 

ft,s- [0,t]^R 

as follows. For any x G [0,t], consider the function 

, . sin X- sin y sm(t — x) ■ siny 

9x\y) '■= arctan h arctan ■ 



cos a; + cosy cos (t — x) + cosy' 

defined for y G [0,7r/2]. It is easy to see that {d/dy)gr^{y) > for y G [0,7r/2), 
5'x(0) = 0, and 

g,{7r/2) = n/2 > S, 

for all X G [0,t]. Therefore, there is a unique y G (0, 7r/2] such that gx{y) = S. We 
put 

ft,s{x):= ye {0,71/2]. 
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Now, we consider some properties of the defined function. Obviously, ft^s is contin- 
uous on [0,t] (moreover, is C^ on (0,t)), and ft,s{x) = ft,sit ~ x)- It is easy to get 
a geometric interpretation of ft^s- 

Let us consider a triangle AABC C S^ with the following properties: 

1) \AB\ =t, 

2) C has an orthogonal projection H to the line £{A,B), lying in the segment 
[A, 5], such that \AH\ = x E [0,t] (observe that there are at least two orthogonal 
projections of C to £{A, B)), 

3) the area of AABC is S. 

It is easy to see (using Lemma 10), that for such a triangle we get \CH\ = /^ 5(x). 
It is easy to see that for < 5 < 5 we have /j §{x) < ft,s{x) for every x G [0, t]. 
In what follows we determine the number 

ht,s := ftM = ftAt)- 

From the geometric interpretation, it is the third side of a spherical triangle with 
two other sides of length 7r/2, and area S, i.e., 

ht,s = S. 

Proof of Theorem 4- 1- First we consider the case when hypothesis (4) of Theo- 
rem 4 holds. We roughly follow the lines of the proof of Theorem 3, case when 
hypothesis (1) holds. 
We have 

l^^^lM = 1^^^ < tan(5,/2), (41) 

2^y cos ht^Si 2vcosS'4 

by the hypothesis of the theorem. From this point onwards the example is identical 
as in Theorem 3. 

Still we have to show that our tetrahedron satisfies our convention before Propo- 
sition 4 about what do we mean by simplices in S". There it is written that if we 
have a convex combinatorial simplex in an open half-§", we consider it as a simplex 
in §"■. Let Ai := ei and A2 := 62 (ei are the usual basic unit vectors). Then, 
rotation about i{Ai, A2) means replacement of A^ := 63 by, say, 63 cos ip + 64 sin ip. 
Then T is in the closed half-S^ defined by the inequality Xi -|- X2 > (the Xj's are 
the usual coordinates in R^). Even, for S3 < S4 < it/2, we have that T is contained 
in the open half-S^ defined by the inequality Xi + 0:2 > 0, and then we are done. 
For 5*3 < 5*4 = 7r/2, a slight perturbation of the above open half-S^ contains T, for 
all ip e [0,7r]. For S3 = S4 = 7r/2, and < ip < 7r/2 given, also a slight pertur- 
bation of the open half-S'^ given by xi + X2 > contains T, and we are done. For 
5*3 = 5*4 = (/? = 7r/2, see part 3 of this proof. 

We have to observe that, from the construction, we have \A3{x,ip)A4{x,ip)\ < 
/t,S3(x) + ft,Si{x) < '2ft,S4{x) < TT. Thus the edge [A3{x,cp),A4{x,cp)] of our tetra- 
hedron is in the closed angular domain swept by 7(^9)0"^, for ip G [0, n], as it was in 
the hyperbolic case. (This explains the inequality 5*4 < 7r/2 of the theorem — and 
thus also the inequality S < tt/2 in the construction: without this inequality of the 
theorem, the last sentence would not be valid. Moreover, for Ss = S4 E (7r/2,7r), 
and for (p sufficiently close to vr, we would have that |A3(x, ip)A4{x, (p)\, when defined 
not as a distance, but by analytic continuation from c/)'s close to 0, i.e., by retaining 
the geometry of the figure, is greater than vr, which would imply that T, also defined 



36 N. V. ABROSIMOV, E. MAKAI, JR., A. D. MEDNYKH, YU. G. NIKONOROV, G. ROTE 

by analytic continuation, i.e., by retaining the geometry of the figure, would not be 
convex.) 

We define Si{x,ip) (for 1 < i < 4), and fi{x,ip) (for i = 1,2) as in the proof of 
Theorem 3. The formulas 

/i(x, 0) + /2(X, 0) = ^4 - ^1 - ^2 - ^3 < 0, (42) 

/i(x, vr) + /2(x, tt) = ^3 + ^4 - 5i - ^2 > (43) 

follow as (32) and (33) in the hyperbolic case. The formulas 

/i(0,<^)<0, /2(t,<^)<0, 

for all ip G [0,7r], follow from Lemma 11 (similarly, like in the hyperbolic case 
from Lemma 6; observe that here we have non-strict inequalities, since in (4) from 
Theorem 4 and (41) we have non-strict inequalities, while for the hyperbolic case in 
(1) from Theorem 3 and (30) we had strict inequalities). Then, like in the hyperbolic 
case, we choose {ui,U2,vi,V2) := (1,0,0,1), and finish the proof of case 1 like in 
the hyperbolic case, with the tetrahedron T being possibly degenerate. (Observe 
that allowing 5*4 > 7r/2 we could have ht^Si > ^/2; then |y4iy43(0, ip)\, [^1^4(0, (p)\ < 
ht^S4 does not render it possible to apply Lemma 11. This explains once more the 
inequality S^ < 7r/2 of the theorem — and thus also the inequahty S < 7i/2 in the 
construction — for case 1.) 

2. Now we consider the case when hypothesis (5) of Theorem 4 holds. We roughly 
follow the lines of the proof of Theorem 3, when hypothesis (2) holds. Like in Step 1 
of this proof, we have that our tetrahedron satisfies our convention about what we 
mean by a simplex in §"■, before Proposition 4, unless S3 = S4, = if = 7r/2; in this 
case refer to Step 3 of this proof. We get the inequalities (42) and (43) as (32) and 
(33) in the hyperbolic case. 

Now we check that 

/2(0,</^)>0, /i(t,</^)>0, 
for all (f G [0, tt]. Like in the hyperbolic case, this reduces to showing that 

si(0, ^) > si(0, 0), S2{t, (/.) > S2{t, 0). (44) 

We will investigate Si{0,ip); the case of S2(t,ip) is analogous. Observe that 
|yl3(x, ip)A4{x, ip)\ is a strictly increasing function of c/? G [0, vr], with 

|A3(x, 0)^4 (x, 0)1 = ht^Si - ht,S3 = S4- S3, 

and 

\A3{x, n)A4{x, 7i)\ = ht^Si + ht,s-i = ^'4 + S'3. 
By the geometric interpretation, we have 

si(0,<^) = ZA3{0,^)A2{0,^)A^{0,^) = \A3{0,^)A^{0,^)\, 

that is strictly increasing for ip G [0, vr]. This shows (44). Then, like in the hyperbolic 
case, we choose (mi, U2, vi, V2) '■= (0, —1, —1, 0), and finish the proof of 2 like in the 
hyperbolic case, with the tetrahedron T being possibly degenerate. 

3. It remains to exclude degeneration of our tetrahedra. This happens exactly 
as in the hyperbolic case in Theorem 3 (here even we can have tt > 6*4 = 5*3 = 
S'2 = 5*1 > 0). We only observe that for Si = ixjl (for each 1 < i < 4) the regular 
tetrahedron is the intersection of S^ and an orthant, and then </) = 7r/2 (cf. the end 
of the third paragraph of 1). D 
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6.3. Proof of Proposition 5. 1. For n = 2 one has a convex m-gon in a closed 
half-§^, of sides Si, . . . , Sm, and in fact, in an open half-S^, with strictly convex 
angles, and non-degenerate, if S^ < ^i + . . . + S^^i, and Si + . . . + Sm < Stt. (For 
the degenerate cases, i.e., when Sm = Si + . . . + Sm-i, or 5*1 + ... + Sm = Stt, we have 
a doubly counted segment, or a great-S\ respectively. If both equalities hold, we 
have also a digon. If both inequalities are strict, then we can copy the well-known 
proof in [30, pp. 53-54] — given there for the case of M? — to obtain the existence 
of such a convex m-gon: one gets a polygon inscribed in a circle.) 

For §^ we consider its equator S^, and each side of the above polygon is replaced by 
a facet, which is the union of all meridians (length equal to vr) meeting that side. The 
vertices are replaced similarly by edges, which are meridians meeting these vertices. 
Additionally there are two new vertices at the North and South Poles. Then the 
ratio of the areas of the spherical digons and the lengths of the corresponding edges 
of our polygon is V2(S^)/Vi(S^), where Vi denotes z-volume. Moreover, the dihedral 
angles are the same as for the spherical m-gon in S^. 

The inductive step is performed analogously for all n > 3 as well. The other 
stated properties are obvious. 

2. For n = 2 we have a spherical triangle. We proceed by induction. Let 
77, > 3, and let us assume that the statement of the theorem holds for n — 1. 
Then the numbers (^i + ^2)V;-2(S"-')/K-i(S"-'), ^3K-2(S"-')/K-i(S"-'), ..., 
Sn+iVn-2{^'^^'^) /Vn-iiS"^^^) Satisfy the hypotheses of the proposition for n — 1 (cf. 
the second proof of Theorem 2, with the modification in the second case there, that 
here n + l> A, and thus Tncw := Ti +T2 <Ts + . . . + T„+i). 

Therefore, we have on S"~^ a polyhedral complex, which is a combinatorial sim- 
plex, with these facet areas. Again, considering S"~^ as the equator of §"■, all facets, 
and also all lower dimensional faces of the polyhedral complex on S"~^ are replaced 
by the union of all meridians (length equal to vr) meeting that facet, or lower di- 
mensional face. Thus we obtain facets, and also lower dimensional faces, of one 
dimension higher than the original ones. Additionally, there are two new vertices 
at the North and South Poles. Thus we obtained a polyhedral complex on S"^, with 
facet areas Si + S2, S3, . . . , Sn+i- 

This last polyhedral complex has a facet, of area 5*1 + 52. The polyhedral complex 
has two vertices at the two poles, and n edges joining these two vertices. The facet 
of area Si + ^2 has n — 1 edges. On each of these n — 1 edges we add an extra vertex, 
at the same geographic latitude, and add an extra simplicial {n — 2)-face with these 
vertices, lying in the great-S"~^ spanned by these vertices, as well as all its faces of 
all lower dimensions. For a suitable choice of the latitude, the facet of area Si + 5*2 
is subdivided to two (n — l)-dimensional simplicial facets of areas 5*1 and 5*2. These 
two facets, with their all lower dimensional faces are added as well. Each other 
facet (of areas S3, ... , Sn+i) has thus one (n — 2)-face subdivided into two simplicial 
(n — 2)-faces — which, with all their lower dimensional faces have already been 
added above — thus these other facets also become combinatorial (n — l)-simplices 
(by induction with respect to n). 

The other stated properties follow by the construction. D 
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